NONCOMMUTATIVE MARTINGALE DEVIATION AND POINCARE 
TYPE INEQUALITIES WITH APPLICATIONS 



MARIUS JUNGE AND QIANG ZENG 

Abstract. We prove a deviation inequality for noncommutative martingales by extend- 
ing Oliveira's argument for random matrices. By integration we obtain a Burkholder type 
inequality with satisfactory constant. Using continuous time, we establish noncommuta- 
tive Poincare type inequalities for "nice" semigroups with a positive curvature condition. 
These results allow us to prove a general deviation inequality and a noncommutative 
transportation inequality due to Bobkov and Gotze in the commutative case. To demon- 
strate our setting is general enough, we give various examples, including certain group 
von Neumann algebras, random matrices and classical diffusion processes, among others. 



Introduction 

In probability theory it is well known that martingale inequalities can be used to prove 
and extend classical inequalities such as Riesz transforms and Poincare inequalities to 
larger setting. Moreover, once a true probabilistic argument has been found, it is then often 
easier to prove dimension free estimates. This applies in particular to Riesz transforms; 
see Gundy [19], Pisier jl3]. The impressive work of Lust-Piquard shows that, whenever 
the method applies, it provides the optimal constant for Riesz transforms and Poincare 
inequalities. The only drawback here is that the setup for Pisier's method is so special 
that requires ingenuity to establish it in every single case. 

Our aim here is to establish a method which applies in a fairly general noncommutative 
situations. Let us first set up the framework. Let AT be a finite von Neumann algebra 
equipped with a normal faithful tracial state r : J\f — > C, i.e. r(l) = 1 and r{xy) = 
r(yx). Let {Mk)k=i,- ,n C M be a filtration of von Neumann subalgebras with conditional 
expectation : J\f — > Mu- For a martingale sequence (x}~) with x^ G A4, we write 
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dxk = Xk — Xk-i for the martingale differences. The starting point here is the Burkholder 
inequality first proved in [29] 



(0.1) < c(p)^^\\dx k \\lY + ^(^2dx* k dx k + dxkdxl) 11 



1/2 

fc 

The optimal order of constant here is c(p) ~ cp in the noncommutative setting, and is due 
to Randrianantoaninna [44]. In the commutative, dissipative setting, Barlow and Yor [4] 
showed a better constant in Burkholder-Davis-Gundy inequality 

(0.2) ||X T || P < Cv ^||[X,X]^ /2 || p 

by reducing it with a time change to the case of Brownian motion. Since the nature of the 
Brownian motion in the noncommutative setting is so vast (see [ID]), it is inconceivable 
that such an easy argument could work in a noncommutative situation. In fact stationarity 
of the Brownian motion is certainly required to perform a time change, and can no longer 
be guaranteed for noncommutative martingales. For many applications towards deviation 
inequalities it is enough to use the norm on the right hand side of ( 10.21) . Following 
Oliveira's idea [21], we are able to use Golden-Thompson inequality to prove the following 
result. Throughout this paper c, C and C will always denote positive constants which 
may vary from line to line. 

Theorem 0.1. Let 2 < p < oo and x n = Y^k=i ^ x k be a discrete mean zero martingale. 
Then 



\\x n \\ P < Cy/pWCy^^k-ijdxldxk + dxkdxl)) 112 ^ + Cpsup \\dx k \ 
If x n is self-adjoint, then 



k 



(l[t,oo) {X n )) < exp ^~ 



t 2 



Y2=\ Ek-iidxDWoc + 4tsup fc ||ote fe ||c 

Note that in the commutative context 

r(l[ t)00 )(x)) = Prob(x > t) . 
In the future we will simply take this formula as a definition. The deviation inequality is 



a martingale version of noncommutative Bernstein inequality proved in [31] . Tropp [50] 
obtained better constants for tail estimate of random matrix martingales by using Lieb's 
concavity theorem. However, it seems Lieb's result is only applicable for commutative 
randomness. 

Let us now indicate how to use this result in connection with curvature condition, more 
precisely the r 2 -condition introduced by Bakry- Emery [3]. Here we assume that (T t ) t > is a 
semigroup of completely positive trace preserving maps on a finite von Neumann algebra M 
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with infinitesimal generator A > 0. We assume in addition that (T t ) is a noncommutative 
diffusion process (in short (T t ) is nc-diffusion), namely that Meyer's famous gradient form 

(0.3) 2T(x, x) = A(x*)x + x*A(x) - A(x*x) G L^N) 

for all x G Dom(A) HjV (To be more precise, for all x G Dom(A 1 / 2 ) fljV by extension). 
In this paper, Dom(v4) denotes the domain of the operator A in the underlying Hilbert 
space. Recall that according to [HI Section 9], we always have T(x,x) G £>*, where B = 
Dom(v4 1//2 ) n M is a *-algebra by Davies and Lindsay [T3| Proposition 2.8]. Thus (10. 3p 
is a regularity assumption, which in general is much weaker than assuming that (T t ) is 
usual diffusion semigroup. The standard example for a nc-diffusion semigroup which is 
not diffusion is the Poisson semigroup on the circle. Let a > be a constant in what 
follows. 

Theorem 0.2. Let (T t ) be a nc-diffusion semigroup on a von Neumann algebra M satis- 
fying the T 2 -condition 

(0.4) r(T(T t x,T t x)y) < Ce- 2at T(T t T(x,x)y) 

for all x G Dom(y4 1 / 2 ) and all positive y G N ' . Then for self-adjoint x we have 

\\x-E 7 ^{x)\\ p < C'^^minl^lir^,^) 1 / 2 ^, p\\T(x, x) 1/2 \\ p } . 

Here Fix = {x : T t x = x} is the fixed point von Neumann subalgebra given by T t and E Fix 
the corresponding conditional expectation. 

The condition (10.41) is usually formulated in the form T2{x,x) > aT(x,x) where 

2T 2 (x,y) = T(Ax,y) + T(x,Ay)-AT(x,y). 

As in the commutative case, this result implies the deviation inequality and exponential 
integrability. 

Corollary 0.3. Under the hypotheses above, we have 

Prob(x - E Fix x > t) < exp ( - — — . 

\ L7(a)||r(x,£)||oc/ 

Assume further r(x) = 0. Then 

r(e tx ) < exp^a^Hr^x)^). 

Quite surprisingly, these results apply to many commutative and noncommutative ex- 
amples which cannot be treated with the usual commutative diffusion semigroup approach. 
Moreover, Bobkov and Gotze's [7] application to the L\ Wasserstein distance 

Wi{f, h) = sup{|0/(x) - <j>h(%)\ ■ x self-adjoint , ||r(a:, a;) j|oo < 1} 
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for normal state </>f(x) = r(fx), 4>h(x) = r(hx), remains applicable in the noncommutative 
setting. This leads to the transportation inequality. 

Corollary 0.4. Under the assumptions above 



W 1 (f,E Fi J) < C(a)vV(/ln/) 
for all normal states (f>f(x) = r(fx). 

The Wasserstein distance has been extensively studied in the noncommutative setting; 
see[5ll38l|45]. This probabilistic connection which provides universal upper bound given by 
the Entropy functional, however, seems to be new. Our definition of Wasserstein distance 
in the noncommutative setting is closely related to the metric used by Rieffel to define 
his quantum metric space. Inspiring by Connes' work in noncommutative geometry 
Rieffel defined the metric on the state space of a *-algebra A 

p L (<f>,i>) = sup{|0(a) - if)(a)\ : L(a) < l,a e A} 

where 4>,i(j are states and L(a) is a seminorm. For Connes' spectral triple, L(a) = \\[D,a]\\ 
where D is a self-adjoint operator; see [15] and the references therein for more details. It 
is an interesting question but beyond the scope of this paper to determine whether the 
transportation inequality is possible for pi- 

At this point it seems helpful to compare our approach with previous ones. Using 
classical diffusion theory, it is proved by Bakry and Emery [3] that the r 2 -criterion implies 
the logarithmic Sobolev inequality (LSI). Bobkov and Gotze [7] deduced an exponential 
integrability (EI) result based on a variant of LSI and showed that the EI is equivalent to 
the transportation inequality (TI). The relation can be illustrated by the following 

r 2 -criterion LSI =}► EI & TI . 



We refer the reader to the lecture notes [18] for more details on this subject and its 
applications to random matrices. In the noncommutative setting, however, the r 2 -criterion 
no longer implies LSI; see Example 13.111 below. But we can still use our L p Poincare 
inequality (L p PT) to deduce EI and TI. In particular, this gives an alternative proof in the 
commutative case. Our approach is illustrated as follows 

T-i . i . nc-diffusion r r-^ T 

r 2 -cntenon > L p PI =^ EI TI . 

At the time of this writing, we are not sure whether this alternative is known or not in 
the commutative case. In addition, a simple argument shows that EI would hold (thus TI 
follows) provided the space has finite diameter. This gives a criterion for the validity of 
TI when we only have T 2 (x, x) > instead of T 2 (x, x) > aT(x, x). 
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At the end of the paper we consider an algebraic version of the r 2 -condition and say 
that r~2 > aT (in the form sense) if 

[r 2 {x j ,x k )] j>k > a[r(xj,x k )] j!k 

for all finite families in a weakly dense A invariant algebra A C M . Then we collect / prove 
the following facts 

• r~2 > T for a suitable semigroup on group von Neumann algebra of the free group 
F n and the noncommutative tori. 

• T 2 > for suitable semigroups on group von Neumann algebra of the discrete 
Heisenberg group and the hyperfinite II± factor. 

• Let M = Loc({-l, 1}) and T t (l) = 1, T t (e) = e"*e for e = -1. Then T 2 > T. 

• Let AT = L 00 ({1,--- ,n}) and T^e") = e^-We". Then T 2 > ^T. 

• T 2 > T for all g-Gaussian random variables and the number operator. 

• T 2 > aT for compact Riemannian manifolds with strictly positive Ricci curvature. 

• T 2 > aT is stable under tensor products. 

• T 2 > aT is stable under free products. 

• T 2 > for a suitable semigroup on random matrices M n . 

We hope that this ample evidence that Poincare type inequalities occur frequently in the 
commutative and the noncommutative setting even without assuming the strong diffusion 
assumption used in the Bakry- Emery theory justifies our new noncommutative theory. 
As special cases of our general theory, previous results obtained by Efraim/Lust-Piquard 
[T5] and Li [35] are generalized or improved and many new inequalities are established in 
different contexts. For instance, the following deviation inequality for product probability 
spaces is an easy consequence of these examples: for / 6 L OQ (Q 1 x • • • x fi n , P x ® • • • <S>P n ), 

P(/-E(/)>t) < ex P { ~ E?=i f d F t \\l + || /(|/|2 - | J fdPMdFiWJ • 

where P = Pi <S> • • • <E> Pn and E is the corresponding expectation operator. 

The paper is organized as follows. The martingale deviation inequality and Burkholder 
type inequality are proved in Section 1. After recalling some results in the continuous 
nitrations in von Neumann algebras, we deduce two BDG type inequalities in Section 2. 
The Poincare type inequalities and the transportation inequalities are proved in Section 
3, which is also the most technical section. Then the group von Neumann algebras are 
considered in Section 4. In section 5 we prove that the r 2 -criterion is stable under tensor 
products and free products with amalgamation. The general theory is applied to classical 
diffusion processes in Section 6. 
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I. NONCOMMUTATIVE MARTINGALE DEVIATION INEQUALITY 



Our proof of the martingale deviation inequality relies on the well known Golden- 
Thompson inequality. The fully general case is due to Araki [1] . The version for semifinite 
von Neumann algebras we used here was proved by Ruskai in [16J Theorem 4]. 

Lemma 1.1 (Golden-Thompson inequality). Suppose that a,b are self-adjoint operators, 
bounded above and that a + b are essentially self- adjoint (i.e. the closure of a + b is self- 
adjoint). Then 

r(e a+b ) < r(e a/2 e b e a/2 ) . 
Furthermore, if r(e a ) < oo or r(e b ) < oo then 

(1.1) r(e a+b ) < r(e a e b ) . 

Lemma 1.2. Let (xk) be a self-adjoint martingale sequence with respect to the filtration 
(jVfc, Ek) a> n d dk := dx k = Xk — Xk~i be the associated martingale differences such that 

i) r{x k ) =x = 0; ii) \\d k \\ < M; iii) ELi^-iK) < D 2 1. 

Then 

r(e Xxn ) < exp[(l + e)X 2 D 2 ] 
for all s G (0, 1] and all A G [0, y/e/{M + Me)}. 

Proof. We follow Oliveira's original proof for matrix martingales [21] and generalize it to 
the fully noncommutative setting. With the help of functional calculus, we actually have 
fewer technical issues. Let e £ (0,1]. Put y n = Y^k=i^k-x{d^}- Then y n < D 2 1. We 
simply write D 2 for the operator D 2 1 £ M in the following. Let us first assume M = 1. 
Since e -« 1+£ ) A2D2 -( 1+£ ) A2 ^) < 1, it follows from ((TTJ) that 

r(e Xx ") < r(exp[\x n + (1 + e)X 2 D 2 - (1 + e)\ 2 y n ] exp[-((l + e)\ 2 D 2 - (1 + e)\ 2 y n )}) 

< r ( exp[Ax„ + (1 + e)\ 2 D 2 - (1 + e)\ 2 y n }) . 

Put r n = E n _\d 2 n . Then y n = y n -\ + r n . Using (11. ip again we find 
r ( exp[Ax n + (1 + e)\ 2 D 2 - (1 + e)\ 2 y n }) 
= r ( exp[Aa; n _i + Xd n + (1 + e)\ 2 D 2 - (1 + e)X 2 y n ^ 1 - (1 + e)\ 2 r n }) 

< r( exp[Xd n - (1 + e)A 2 r n ] exp[Ax n _! + (1 + e)X 2 D 2 - (1 + e)A 2 y n -i]) • 
Since x n _i, y n -\ £ A/"„_i and E n -\ is trace preserving, we obtain 

t( exp[Xd n - (1 + e)\ 2 r n ] exp[Ax n _! + (1 + e)\ 2 D 2 - (1 + e)A 2 y n -i]) 
= r (£? n _x [exp(Ad n - (1 + e)A 2 r n )] exp[Ax n _! + (1 + £)A 2 D 2 - (1 + e)\ 2 y n ^]) . 



MARTINGALE DEVIATION AND POINCARE TYPE INEQUALITIES 7 

We claim that E k _i[exp(Xd k — (1 + e)\ 2 r k )} < 1 for all k — 1, • ■ • , n and < A < 
sjej (1 + e). Indeed, 



Nt _ (1 + £)A v t ||<^ + ( 1 + e) ^.^±£<i. 



Note that e x < 1+x+x 2 for |x| < 1. It follows from functional calculus that e A < 1+A+A 2 
for any self-adjoint operator A with \\A\\ < 1. Plugging in A = Xd k — (1 + e)X 2 r k and using 
r k G Afk-i and E k _\d k = we obtain 

E fc _ 1 [exp(A4 - (1 + e)\ 2 r k )} 
< E k ^[l + Xd k - (1 + e)\ 2 r k + A 2 rf 2 fc - (1 + e)X 3 d k r k - (1 + 5)A 3 r fe 4 + (1 + e) 2 \ A r 2 k ] 
= l_ £ X 2 r k + (l + e) 2 \ 4 rl. 

An elementary calculation shows that e\ 2 x — (1 + e) 2 A 4 x 2 > for all x G [0, 1] and 
A G (0, y/e/(l + s)]. Using functional calculus of r k again, we find 

eA 2 r fc -(l+e) 2 A 4 r 2 > 

which gives the claim. Combining with ( II. 2p . we obtain 

T(exp[\x n + (1 + e)\ 2 D 2 - (1 + s)X 2 y n }) 

< r( exp[Ax„_! + (1 + e)\ 2 D 2 - (1 + e)\ 2 y n ^}). 

Iteratively using ( II. ip and the claim n — 1 times yields 

r(e Xxn ) < r(exp[(l+e)A 2 D 2 ]) = exp[(l + e)X 2 D 2 ] 

which completes the proof for M = 1. For arbitrary x k , considering x' k = x k /M leads to 
the conclusion. □ 

We remark that the exponential inequality in this lemma is crucial for the proof of law 
of the iterated logarithms for noncommutative martingales by the second named author 
in 1551. 



Theorem 1.3. Let (x k ) be a self-adjoint martingale sequence with respect to the filtration 
(Afc, E k ) and d k := dx k = x k — x k ~\ be the associated martingale differences such that 

i) r(x k ) =x = 0; ii) ||4||oo < M; iii) £Li^-i(4) < ^ 2 1- 
Then for t > 0, 

t 2 y^Mt 3 



Prob (x n >t)< exp 
for all < e < 1 . 



4(1 + e)D 2 + 2(1 + e)tM/y/e 2(1 + e)(2y/eD 2 + Mt) 
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Note that if e = 1 the first term in our upper bound reduces to the same estimate as 
Oliveira's. In fact, the first term is always dominating. 

Proof. We assume M — 1 first. Let e G (0, 1]. By exponential Chebyshev's inequality we 
have r (l[t )0 o) (x n )) < e~ xt r(e XXri ) for t > 0. It follows from Lemma fL2l that 

r (l tt ,oo) M) < exp(-Xt + (l + s)X 2 D 2 ). 

Now we set 

A 



2(1 +6)^2 + (1 + e)t/y/e 
which is less than \fej (1 + e). Then, 

- At + (1 +e)A 2 L> 2 = -t 2 



4(l + e) J D 2 [l + t/(2 v /ED 2 )] 2 
t 2 v^t 3 



4(1 + e)D 2 [l + t/(2,/ZD*)] 2(1 + e)(2v/ED 2 + t) 2 ' 
Replacing t and D with t/M and D/M respectively yields the assertion. □ 

Similar to the classical probability theory, we have for positive a G M. and for all 

< p < oo, 

POO 

(1.3) \\a\\* = p t p - 1 Prob(a > t)dt . 

Jo 

From here it is routine to estimate the p-th moment of x n using Theorem 11.31 
Proposition 1.4. Under the assumption of Theorem ! 1.31 for 2 < p < oo we have 

(1.4) \\x n \\ p < 2 3 / 2 (l+e) 1 / 2 v ^|| Y^E^dxl) 1/2 + 2 5 / 2 (^)p sup \\dx tn , 

II — oo V \/E / t=l,— ,n 



for all < e < 1 . 



Proof. Our strategy is to integrate the first term in Theorem 11.31 The proof is the similar 
to that of [3U Corollary 0.3]. Note that it follows from symmetry that 

t 2 



Prob (|x„| > t) < 2exp 



4(1 + e)L> 2 + 2(1 + e)tM/V£ 



Using (II. 3D . we obtain 



1 < I " ^ (-8(1^) * + ^ (— ^ 1 *" 



2p ~ J 8(l+e) J D 2 ; JwEDi ^\ 4(l + e)M 
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Let us estimate the first term on the right hand side. Using the fact that T(x) < x x ^ 1 for 
x > 1, we have 

POO 

<2 3p/2 ~ 1 (l + e) p/2 D p / r p/2 - l e~ r dr < 2 3p/2 ~ 1 (l + e) p/2 D p (p/2) p/2 ~ 1 

Jo 

< 2 P (1 + e) p/2 D p p p/2 ~ 1 . 
For the second term on the right hand side, 



Hence, we find 



This yields 



<4?^_!_j M p J r p - l e~ r dr < 4 P (^— M p p p ~ 1 . 



\x n \\ p p < 2 P+1 (1 + e) p,2 D p f 12 + 2 2p+1 ^-^J M p f. 



0C r 



!„||p < 2 1+1 ^(l+e) 1 /2 jDv ^ +2 2+i/^i±£)Mp 
< 2 3 / 2 (1+ £ ) 1 / 2 j D v /P + 2 5/2 (^)m P . 

Setting £) 2 = || YH=i Ei-i(dx 2 ) || and M = sup i=1 n \\dxi\\ gives the assertion. □ 

Another way to obtain (10. 2\i would be an improved Burkholder inequality for noncom- 
mutative martingales: 

Problem 1.5. Is it true that for some function f(p) and constant C, 

(1.5) \\J2 dx kWp ^ ^v^IKX^^X^ + ^rfa:*) 1 / 2 !^ + H^ll^) 1 ^ 

holds for all noncommutative martingales. 



For independent increments this has recently been proved [31] . One would actually 
expect f(p) = p. As will become clear in the following, the validity of (11. 5ft would improve 
our main results and imply a number of results in different contexts. At the time of this 
writing we are unable to decide whether ( 1 1.5ft holds. However, the commutative case was 
known to be true due to the work of Pinelis [42] , who attributed it to Hitczenko. 
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2. NONCOMMUTATIVE BURKHOLDER-DAVIS-GUNDY TYPE INEQUALITIES 



We refer the readers to [22l 12^ 126] for further details about the facts mentioned in 
this section. Let x = (Eix, • • • , E n x) be a (finite) martingale sequence with martingale 
differences dxk- For 1 < p < oo, we define 



\ x \\hz 



^Ek^dxldxi 



1/2 



\X WhV, 



\X \\h c • 



For 1 < p < oo, we define 



\x\ 



1/p 



We are going to use the continuous nitrations (A/j)t>o C M in the following. Recall 
that a martingale x is said to have almost uniform (or a.u. for short) continuous path 
if for every T > 0, every e > there exists a projection e with r(l — e) < e such 
that the function f e : [0, T] — > M given by / e (t) = Xte G JV is norm continuous. Let 
er = {0 = So, ■ • • , s n = T} be a partition of the interval [0, T] and \a\ its cardinality. Put 



\X\\h-([0,T);a) 



\x\\hd([0,T];a) 



kl-i 



X\ 



j=0 

khi 



( \\ E s J+1 x-E, 



~\\p 



1/2 
p/2' 



2 < J9 < OO 



2 < J9 < oo 



j=Q 



and ||x||/jr([ ,T];o-) = ||^*||/i c ([o,t];o-)- Let U be an ultrafilter refining the natural order given 
by inclusion on the set of all partitions of [0, T]. Let x G L p (Af). For 2 < p < oo, we 
define 

kl-i 

(x,x) T = hm V E Si \E Si+1 x - E Si x\ 2 . 

cr.U 



1=0 



Here the limit is taken in the weak* topology and it is shown in [22] that the convergence 
is also true in L p norr 
norms for 2 < p < oo, 



is also true in L p norm || • \\ p / 2 for all 2 < p < oo. We define the continuous version of h p 



\ X \\h°([0,T]) 



lim 11x1 



h°([0,T];a) 



\\x\\h«([0,T\) - I™ ||^IUrf([0,T]; CT ) • 
* cr,U 1 

and ||#||h£([o,T]) = ||x*|Ug([o,r]) for 2 < p < oo. Then for all 2 < p < oo 



(2.1) 



l X lk([0,T]) 



(x, x) 



T 



1 1/2 
lp/2 
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A martingale x is said to be of vanishing variation if H^H/^qct]) = for all T > and all 
2 < p < oo. We also write 

var p (x) = ||x|| ft d ([0iT]) , ||x|| Lp{var) = sup W^xHl^ 

a 

and let V p (Af) denote the L 2 {H) closure of {x G L p (Af) : var p (x) =0}. 

The following results are proved in [22]. For any y G L p (Af), we write dj(y) = E s .y — 
E Sj _,y. 

Theorem 2.1. Let 2 < p < oo and x G L p (Nt)- Then for all e > 0, there exists a 
decomposition x = x\{e) + x 2 (e) satisfying the following 

(1) var p (xi) < e, x 2 G L p (var). 

(2) Let P(x) = w*- hm e x% (e) . Here w*-\im denotes the weak* limit. Then P : 
L p (J\f) — > V p (J\f) is an orthogonal projection. 

(3) P(x) = x for all x with vanishing variation. 

One may take x\(e) = w*- \im a Yljli dj{djXl[\d jX \<e\) where 1b is the spectral projection of 
djx restricted to the Borel set B. 

Lemma 2.2. If x has a.u. continuous path, then it is of vanishing variation. 

Now let us prove the main results of this section, which can be regarded as the noncom- 
mutative version of Burkholder-Davis-Gundy type inequalities. 

Theorem 2.3. Let x be a mean martingale with a.u. continuous path. Then for every 
T > 0, we have 

(1) For 2 < p < oo, if x is self-adjoint, then 

\\E T x\\ p < Cy/p]imM\\x\\ h c n 0)T] .^ . 

If x is not necessarily self-adjoint, then 

\\E T x\\ p < C^liminf (IMk^ao.Thcr) + IMUs„([o I r|;<T)) > 

<T,M 

where we may take C = 2\/2. 

(2) For all2<p< oo, 

\\E T x\\ p < C'pmax.{\\x\\ h c([ 0t T\), |MU;([o,t])} ■ 

Proof. (1) First assume that x is self-adjoint and that x G Mt- We follow the strategy used 
in the proof of Theorem 12.11 Fix a partition cr of [0, T]. We write h p (o~) for h p ([0, T]; cr) 
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in the following proof. Let e > 0. We have djX = djxl[\d- x \>e] + dj x l[\d-x\<e]- Conditioning 
again, we obtain 

djX = dj(djXl[\d j x\>e]) + dj(djXl[\d jX \<e]) ■ 



Put x % = Y.j=idj{djXl [ \d jX \ >e \) and y% = Y)jU d j{djXl[\d dX \<e})- Then clearly 

sup d j ^ d j 

xl[\dj X \<e\)\\oo < 2 £ . 

Using Proposition 11.41 with e = t] for some fixed < rj < 1, we find 

1 + V 



(2.2) 
Note that 



Ii£-t(i6)|| p < 2 3 / 2 (l + r / ) 1 /^||^| Ugo((T) + 2V2 



pe 



< ^^Jrfj^xl^^Ke])! 2 = E s ._ 1 [(d j xl [ldjX \ <E] )' 2 ] - [E^idjXl^d^e])} 2 

2l < p MA „A2l 



< Es^djxl^Ke)) ] < Es^djX 
Then we have 



llZ/o-IUgoW - 

|<r|-l 
i=0 



J2 Esj-Adjidjxl^ 



x\<e]j 



i=0 



1/2 



X\ 



1/2 



we 



According to Theorem 12.11 (in our context, X\(e) = y £ := w*-\im. a y e a ) and Lemma 
have x = w*- lim e _>o y £ ■ Hence for any Aj > 0, J2i=i = 1; we have 

k 

x = w*- lim > \iV Ei . 
a^o ^ iy 
i=i,... ,fe i=i 

Since in a Banach space the weak closure and the norm closure of a convex set are the 
same, by the reflexivity of L p (j\f) we can find a net x a in the convex hull of {y e } such that 
x a — > x in L p (j\f). Therefore by sending e — > 0, we deduce from (I2.2p that 

\\x\\ p < 2\/2(l + ^) 1/2 A /pliminf H^IU^Co-) , 

cr,U 

for all < 7] < 1. Sending 77 — > yields the first assertion. If x is not self-adjoint, we write 



x+x 



and ^s(x) 



-. Then the second assertion follows 



x = 3?(x) +iQ(x) where - 
from the self-adjoint case by triangle inequality. 

(2) Since x is of vanishing variation, HxH/^qo.t]) — for all 2 < p < 00. Using (jO.ip . we 
have 

\\x\\ p < Cp(\\x\\h*(lO,T\;*) + \\x\\hr([0,T];a)) + P\\x\\ h d {[0tT ];a) ■ 
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Taking limits on the right hand side yields the assertion for 2 < p < oo. The case p = 2 
is proved by sending p 12. □ 

3. POINCARE TYPE INEQUALITIES AND APPLICATIONS 

3.1. Poincare type inequalities. Let (T t )t>o be a semigroup of operators acting on a 
finite von Neumann algebra (A/", r) where r(l) = 1. Following [2U[25] we say (Tf) is a 
standard semigroup if it satisfies the following assumptions: 

(1) Every T t is a normal completely positive map on Af such that T t (l) = 1; 

(2) Every T t is self-adjoint, i.e. r(T t (x)y) = r(xT t (y)) for all x, y G Af. 

(3) The family (T f ) is weak* continuous, i.e. lim f _>.o^t/ = / with respect to the strong 
operator topology in Af for any / G Af. 

The assumption (3) is equivalent to that (Tf) is a strongly continuous semigroup on 
L 2 (Af,r). By [13], (T t ) extends to a strongly continuous contraction semigroup on L p (Af) 
for every 1 < p < oo with generator A, i.e. T t = e~ tj4 . Write for 1 < p < oo 

Dom p (A) = {/ G L p (A0 : lim(/ - TJ)/t converges in L p (Af)}. 

Then the classical semigroup theory asserts that Dom p (A) is dense in L p (Af) and that if 
x G Dom p (A) then T t a; G Dom p (A). We also denote Dom(A) = Dom.2(A). Note that A is 
a positive operator on L 2 (Af, r). The standard assumptions also imply that r(T t x) = r(x) 
and thus Tfs are faithful. In addition, T t is a contraction on A/". Indeed, for x G A/", we 
have 

HTtxIloo = sup \r((T t x)y)\ = sup \r(x(T t y))\ < sup UTtj/HiHarlloo < ||:r||oo ■ 
IMU<i lly||i<i lly||i<i 

Recall that T t is said to admit a Markov dilation if 

(HI) there exists a larger finite von Neumann algebra A4 and a family ir t : Af — > A4 of 

trace preserving *-homomorphism; 
(H2) there is an increasing filtration (A4 s ])o< s <oo with ii r (x) G A4 S ] for all r < s such 

that E s ](ir t (x)) = 7i s (T t - s x) for all s < t and x G A/". 

T t is said to admit a reversed Markov dilation if condition (HI) holds and 

(H2') there is a decreasing filtration (A4[ s )o< s <oo with ix r (x) G A4[ s for all r > s such 
that E[ s (ir t (x)) = n s (T s _ t x) for all t < s and x G A/". 

Here we have A4t] — E t ](A4) and A^[t = E[ t (A4). For elements x,y £ Dom(A) we may 
define the gradient form, which is called Meyer's "carre du champ" in the commutative 
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theory, 

2T(x, y) = A(x*)y + x*A(y) - A(x*y) 
and for i,t/G Dom(/l 2 ) the second order gradient 

2T 2 (x, y) = T(Ax, y) + T(x, Ay) - AT(x, y). 

Recall that (T f ) is called a noncommutative diffusion (or nc-diffusion for short) semigroup 
if T(x,x) E Li(jV) for all x E Dom(_l 1/2 ). If (T t ) is nc-diffusion, then F(x,x) E Li(N) is 
well-defined for x E Dom(A 1 / 2 ) by extension. By duality, T(x,x) E L p (Af) for 1 < p < oo if 
and only if there exists C > such that \r(T(x, x)y)\ < C\\y\\ p i for all y and 1/p + l/p' = 1. 

We will use the following crucial results proved by Junge, Ricard, and Shlyakhtenko in 
|27j . which is a noncommutative version of the Stroock-Varadhan martingale problem. 

Theorem 3.1. Suppose that (T t )t>o is a standard nc- diffusion semigroup. Then 

(1) T t admits a Markov dilation (n t ) with a.u. continuous path, i.e. in addition to (HI) 
and (H2), for all x E Dom(A), 

m t (x) := 7T t (x) + / n s (AT s x)ds 
Jo 

is a martingale with a.u. continuous path. 

(2) T t admits a reversed Markov dilation (7r t ) with a.u. continuous path, i.e. in addition 
to (HI) and (H2'), for all x E Dom(A) and all S > 0, 

rh s (x) := tt s (T s (x)), < s < S 

is a (reversed) martingale with a.u. continuous path. 

Remark 3.2. Let 2 < p < oo. For the purpose of our main result, we extend the 
theorem to x E Dom(A 1 / 2 ). Indeed, since Dom(A 1 / 2 ) D M is a *-subalgebra of N by 
[T3] and Dom(A) is dense in L2(W), there exists a sequence (x n ) E Dom(A) such that 
lmv^oo \\x n — x\\2 = 0. But E[ r (TT s T s (x n )) = TT r T r (x n ) for s < r. Taking limits on both 
sides, we find E^(tt s T s (x)) = n r T r (x) in L 2 (Af). According to [36], the set of a.u. continuous 
path martingales is closed in L 2 {M). Hence tt s T s (x) has a.u. continuous path. Similar 
argument applies to the forward martingales, but we only need the reversed martingales 
in this paper. 

Put Lp(Af) = {x E L p (J\f) : Hindoo T t x = 0} for 1 < p < oo. Here the limit is taken 
with respect to || • ||l p (ao for 1 < p < oo and with respect to the weak* topology for 
p = 1, oo. Let Fix = {x E M : T t x = x}. Then it was shown in [30] that Fix is a von 
Neumann subalgebra and Fix -1 = L^ C (A/'). Denote by Ep ix : Af — > Fix the conditional 
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expectation which extends to a contraction on L p (J\f). Then for all x G L p (N) we have 



x 



EpixX G L p (J\f) and L p (J\f) is a complemented subspace of L p (J\f). 



Lemma 3.3. Let 2 < p < oo and (T t )t>o be a standard nc-diffusion semigroup. Then for 
all < s < t < oo, and x G Dom(y4 1//2 ) fl L^{M) with T(T r x,T r x) uniformly bounded for 
r > in L p (Af) we have 

1/2 



\m{x)\\ h c( M ) 



Tr r (T(T r x, T r x))dr 



p/2 



Proof. In the proof we write m t = m t (x) for simplicity. By Theorem 13.11 Remark 13.21 and 
Lemma [2.21 var p (m) = for all 2 < p < oo. ( 12. II) implies for 2 < p < oo, 

IHI^(M) = ll( m > m )t - ( m > m )Jp/2 • 

It follows from [2U Lemma 2.4.1] and uniform boundedness that 

(m,m) s — (m,m) t = 2 / 7r r (r (T r x, T r x))dr . 



Here the integral when t = oo is well-defined for x G L° p {M) according to [24~l Proposition 
2.4.3]. This gives the assertion for 2 < p < oo. The case p = 2 follows by sending p J, 2. □ 

We are now ready to state our main result of this section. 

Theorem 3.4. Suppose 2 < p < oo. Lei T t = e -L4 be a standard nc-diffusion semigroup 
and T the gradient form associated with A. Assume x G L p (J\f) fl Dom(A 1 / 2 ) satisfies 

(3.1) r(yT(T t x,T t x)) < e~ 2at r(yT t T(x,x)), y G A/", y > , 

/or some a > 0. TTien we have the following Poincare type inequalities 



(3.2) \\x-E Fix x\\ p < C^/p^maxiWTix.xY^W^Tix^x*) 1 / 2 ^}, 

(3.3) \\x - E Fix x\\ p < C'a~ 1/2 pmax{\\T(x,x) 1/2 \\ p ,T(x*,x*) l/2 \\ p }, 
where we can take C = 8 and C = 4 if x is self-adjoint. 

Proof. First assume 2 < p < oo. Notice that -Epix^ is in the multiplicative domain of 
A. Then T(x,x) = T(x — Ep- lx x,x — E-pi^x). Without loss of generality we may assume 
x G Lp(Af), which implies t(x) = lim^oo r(T t x) = 0. Fix a constant < M < oo and 
consider the reversed martingale m t (x) in Theorem 13.11 for t G [0,M]. By Theorem 12.31 
(applying to reversed martingales), noticing that rho(x) =ttq(x) = x, we have 

|| m - E [M (m )\\ p 

< Cv/pliminf (||m - E [M (fh )\\ h[ =([o,Af] ;CT ) + ll^o - ^[m(^o)IUs ([o,a/] ;( t)) • 

cr,U 
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Using the reversed Markov dilation, we find (see pU (2.12)]) 

life 1 

||m - ^[jif(7n )|Ug ([o 1 M]; ff ) = || 2^ ^h+iK.O) - m s J+ iO 
(3.4) 7° x 



ii r j+i 

2 2^ / £; [sj+1 7r T .(r(T r .x,T r x))dr 

„_n J S4 



j=0 »»3 

Since E[ Sj+1 and 7r r are contractions, we deduce from (13. ip that 

M-i 



v 1/2 



\\ mo -E [M (m )\\ hM , a) < 2 (£ J \\r(T r x,T rX )\Ur 

= 21 y. / SU P T(yT(T r x,T r x))dr) 

V j=0 Jsj !/>0,yeAr,||j/||i<l ' 

<2(V/ e~ 2ar sup T(yT r T(x,x))dr 

V j=0 Jsj y>0,yeAf,\\y\\i<± 

= 2 ( E y e-^llT^^Hoodr) < 2( jf 



1/2 



, 1/2 



j=0 "*J 

1 

2~^ ~ 2^e 2aM . 



<2f— -^4^) 1/2 ||r(a;,a;)||i/ 2 



oc 



Similarly, 



/ 1 1 \ i/ 2 



Hence we have 

\\m - E [M (m )\\ p < 2C v ^(^-^^) 1/2 (||r(a;,a;)||^ + ||r(x*,a;*)||^). 

By the reversed Markov dilation, 

\\E[M(m )\\ p = \\E [M (n (x))\\ p = ||7r M T A/ x|| p < ||T M x|| p . 

Note that lim A /^oo H^M^Hp = and that \\x\\ p < \\m — E[ M (m )\\ p +\\E[M(m )\\ p . Sending 
M — > oo gives the first assertion for 2 < p < oo. Sending p j. 2 gives the case p = 2. 

For ( 13. 31) . note that ( 13. ip implies r(TfX, T t x) is uniformly bounded in L P (N). Then 
Theorem 12.31 and Lemma [3.31 imply that for M > 0, 2 < p < oo, and x G Dom(A 1 / 2 ), we 
have 

|| m - E [M (m )\\ p 
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< 2C'p max 



7r r (T(T r x, T r x))dr 



o 



1/2 




p/2 


I 



M _ 1/2 

7r r (r (T r x* , T r x* ) ) dr 

p/2 



Similar to the above argument, (13. 1 p yields 



7i r (T(T r x, T r x))dr 



1/2 
p/2 



< 



1 

2a 



2ae 2aM 



V2, 



\r(x, x) 



,1/2 
lp/2 • 



The rest of proof is the same as that of the first assertion. 



□ 



If A has a spectral gap, we can deduce the second inequality (13.31) from the main result 
of [21] on the noncommutative Riesz transform. However, we have explicit order p here. 
So far as we know, no previous method has achieved the order y/p in the first inequality 
in the noncommutative setting. 

Remark 3.5. In fact, if (J3JJ) holds for all x £ Dom(A 1 / 2 ), then T t is a nc-diffusion 
semigroup. Indeed, it was proved in [27] that T t F(x,x) £ Li(M) for t > 0. Then ( 13. ID 
implies that T(T t x,T t x) £ L\(N). Taking limit gives T(x,x) £ L\{M). 

The condition (13. ip is not convenient to check. In practice, we may pose stronger 
assumptions which are easy to verify. The following lemma is of course well known in the 
commutative case. 

Lemma 3.6. Let T t = e~ tA be a standard nc-diffusion semigroup. Let x £ Af be such that 
T 2 (x,x) is well-defined. Then T 2 (x,x) > aF(x, x) implies (13. ip . 

Proof. Let T t = e 2at T t . Consider the function 

f(s) = T t _ s r(T s x,f s x) = e 2a( - t+s) T t . s T(T s x,T s x). 

Due to the assumption, f(s) is differentiable. Since T t is positive, aT t T(x, x) < T t T 2 (x, x). 
Then 

f\s) = 2ae 2a ^T t . s T(T s x, T s x) + e 2a ^T t . s AT(T s x, T s x) 
- e 2a{t+s) T t „ s [T(AT s x, T s x) + T(T s x, AT s x)} 
= 2ae 2a ^T t _ s r(T s x,T s x)-2e 2 ^ +s )T t _ s r 2 (T s x,T s x) < 

/(*) < /(0) = T t T(x,x), or 

□ 



for all < s < t. We have by continuity T(T t x,T t x 
r(T t x,Tfx) < e~ 2at T t T (x , x) which implies (13.11) . 



For the purpose of future development, let us recall the definition of positive forms. 
Suppose : H x JV — > L\(Af, r) is a sesquilinear form whose domain is a weakly dense 
*-subalgebra Dom(G) such that 1 £ Dom(O). In this paper, we follow the convention that 
a sesquilinear form is conjugate linear in the first component. is said to be positive if for 
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all n G N, xx, ■ ■ • , x n G Dom(6), (6(xj, Xj))™ J=1 is positive in M n (Li(J\f)). Given another 
sesquilinear form $, > $ if — $ > 0. We refer the readers to jSJHT] for more details. 
For any n£ff, and any a±, • • • , a n G Dom(A) the nxn matrix (T(aj, a J ))" J=1 with entries 
in M is positive in M n (Af). The following useful fact was due to Peterson [41] : see also 
[47] for the implication "=^>" . 

Theorem 3.7. Let (T t ) be a strongly continuous semigroup on L 2 (J\f). Then (T t ) is a 
completely positive semigroup if and only if T is a positive form. 

As in the commutative case, the domain of T and T 2 is a delicate issue. Theorem 13.41 
avoided this difficulty by considering individual element. In many cases we are interested 
in the Poincare type inequalities for the whole space. Our next result is meant for this 
purpose. 

Corollary 3.8. Let T t = e~ tA be a standard nc-diffusion semigroup. Suppose that there 
exists a weakly dense self-adjoint subalgebra A C M such that 

i) A(A) C A; ii) T t (A) C A; Hi) A is dense in Dom(A 1 / 2 ) in the graph norm of A 1 / 2 . 
Assume T 2 {x,x) > aT(x, x) for some a > and for all x G A. Then (13.11) holds for all 
x G Dom(A 1/2 ). Moreover, all x G L p (Af) satisfies fl3T2|) and fISTBl . 

Proof. For x G Dom(A 1//2 ) we deduce from assumption iii) that there exist (x n ) C A with 
r 2 (x n , x n ) > aT(x n , x n ) such that \\x n — x\\ 2 — > and || A 1 / 2 ^^ — A 1 / 2 ^^ — > as n — > oo. 
By [9l Section 9], we have ||r(x,x)||i = (A l l 2 x, A l / 2 x) l 2 {N)- Since T is a complete positive 
form and r is also complete positive, we have for x, y G Dom(y4 1 / 2 ), 

fr(T(x,x)) r(T(x,y)) \ 

\ r(T(y,x)) T(T(y,y)) J ~ " 

Note that T(x,y)* = Y{y,x). Then we have ||r(a;, y)\\\ < ||r(x, x)||i||r(y, y)||i. It follows 
that 

\\r(x n ,x n ) -T(x,x)\\i < \\T(x n -x,x n -x)\\ 1 + 2\\T(x n -x,x)\\ 1 

< (A 1/2 (x n - x), A 1/2 (x n - x)) L2{N , T) + 2(A 1 / 2 (x n - x), A 1/2 (x n - x))^ 2 (A/>) ||r(x, x)\\{ /2 . 

Hence lim n ^ OQ T(x n , x n ) = T(x,x) in Li(J\f). Notice that T t and A x l 2 commute. Then for 
all t > and x G Dom(A 1 / 2 ), T t x G Dom(A 1//2 ) and a similar argument as above gives 
that lim^oo T(T t x n , T t x n ) = T(T t x,T t x) in Li(AT)- Since Lemma l3~6l implies 

T{yT{T t x n ,T t x n )) < e- 2at r(yT t T(x n ,x n )) 

for all y G A/", y > 0, sending n — > oo on both sides yields the first assertion. For the 
"moreover" part, note that we only need to prove (13.21) and (13. 3p for 

max{||r(a;,x) 1/2 || p , ||r(x*, x*) 1/2 || p } < oo. 
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Recall that T(x, x) is understood as the weak* limit of r Ae (x, x) where A £ = (J + eA)~ l A 
(see [9j (3.2)]). If this limit exits in L p for p > 1, then t(T(x,x)) is finite and hence 
x £ Dom(A 1 ^ 2 ). The individual result Theorem 13.41 then comes into play and completes 
the proof. □ 

The condition T 2 (x, x) > aT(x, x) we posed here is usually called the curvature condition 
or r 2 -criterion. max{||r(x, x)||oo, ||r(x*, x*)!!^} is the so-called Lipschitz norm in the 
commutative theory. 

Remark 3.9. If we are only interested in classical diffusion processes, we can use the clas- 
sical BDG inequality (10. 2\\ for continuous path martingales with the best order y/p proved 
in [1] . Following verbatim the strategy developed in this section-especially replacing The- 
orem EH] by the well-known Stroock-Varadhan (reversed) martingale problem (see [4"5])- 
we can improve the order to v /p in (13 .31) . which is stronger than both inequalities obtained 
in Theorem 13.41 This is the case for the classical diffusion processes considered later in 
this paper. The more satisfactory inequality in the general noncommutative setting would 
follow from ( II. 5p if it were true. In the commutative case, the relationship among BDG 
inequality, r 2 -criterion, and Poincare inequality is probably known to experts. 

Bakry and Emery showed [3] in the commutative case that IVcriterion implies the LSI. 
Our first example is very simple, but it clarifies that such implication is not true any more 
in the general noncommutative setting. The following generalized Schwartz inequality is 
called Choi's inequality. 

Lemma 3.10. Let (f> : M. — > Af be a contractive completely positive map between von 
Neumann algebras. Then [<fr(x*Xj)} > [<p(x*)(f)(xj)} for any neN and any Xi, ■ ■ • , x n £ M. 

Example 3.11 (Conditional expectation). Let E : M. — > M be the conditional expecta- 
tion and A = I — E. For x, y £ Ai, a calculation gives 

2F(x,y) = x*y - E(x*)y - x*E(y) + E{x*y) . 

By Lemma l3~T0l 2[T(xi,Xj)] > [(x;- Exi)*(xj - Exj)] > for xi, ■ ■ ■ ,x n £ M. We deduce 
from Theorem 13.71 that A generates a completely positive semigroup T t = e~ tA acting on 
M.. It is easy to check T t is a standard nc-diffusion semigroup. Let r,r 2 be the gradient 
forms associated to T t . 

Proposition 3.12. T 2 >\? in M. 



Proof. Note that AE = EA = 0. We find 

4T 2 {x,y) = x*y-E(x*)y-x*E(y)-2E(x*)E(y) + 3E(x*y) 
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Hence (T 2 — |r)(x, y) = ^(E(x*y) — E(x*)E(y)). Since E is contractive completely positive, 
it follows from Lemma [3. 101 that r 2 — \T is a positive form. □ 

The logarithmic Sobolev inequality fails, however. Indeed, the LSI reads as follows in 
this case: for x > 0, 

r(x 2 ln(|x|/||x|| 2 )) < C{\\x\\1-\{t{E{x*)x)+t{x*E{x))). 
It is easy to see this is not true. 

3.2. Deviation and transportation inequalities. As is well-known, the Poincare in- 
equality with constant y/p implies the concentration phenomenon. We are going to prove 
a noncommutative version of exponential integrability due to Bobkov and Gotze [7] in the 
commutative case. The following variant was due to Efraim and Lust-Piquard in the case 
of Walsh system. 



Corollary 3.13. Under the assumptions of Theorem \3.4\ we have 

C 
a 

and for t > 



(3.5) r ( e l*-W|) < 2exp(^max{||r(x,x)|| 00 ,||r(x*,x*)|| 00 }) 



(3.6) Prob(|x - E Fix x\ > t) < 2 exp ( - — j— ^ — ) . 

V 4Cmax{||r(x,x)|| 0O , \\T(x* , x*)]]^} J 

We may take C = 32e in general and C = 8e for x self-adjoint. 

Proof. We follow the proof in the commutative case, see pJ3 Corollary 4.1 and 4.2]. 
Since T(x,x) = F(x — E Fix x,x — E Fix x), we may assume E Fix (x) = 0. Put M = 
maxlllr^,^) 1 / 2 !!^^^*,^*) 1 / 2 !!^}. Note that j^k^M < (|) fc for all k G N. By func- 
tional calculus and (I3.2p . 



I " 1 

: r( e N) < r(coshx) = l + ^^NI^ 



fc= 



A': 



^ a fc (2£;)! ~ ^ a fc A;!(2A; - 1)! 



^ e/2 fc (CM ) 2k f eC 2 M 2 
< 1 + > , , = exp 

k=l 

We have proved the first assertion for C = 32e and we can take C = 8e if x is self-adjoint. 
For the second inequality, we deduce from Chebyshev inequality that 

r(WM)) < e- A V(e A ^l) < 2e~ xt+cx2M2 ' a . 
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Then the assertion follows from minimizing the right hand side with respect to A. □ 

The improvement in the situation of commutative diffusion in Remark 13.91 also gives an 
intermediate term in (13. 5p . i.e. 



x 



T ( e \*- E ^\) < 2 max jr exp (^-F(x,x)^, rexp (^(x*, 

< 2exp ^— max{||r(x,x)|| 00 , F(x*, x*)\\oo}) ■ 

We do not have such an intermediate term in the fully noncommutative generality without 
the help of (11.51) . However, it seems the Lipschitz norm is the right choice in application 
to the concentration inequality. In this sense, we did not lose much even if we use a larger 
norm. The following result is simply a one side version of Corollary 13.131 We record it 
here for future references. 



Proposition 3.14. Under the hypotheses of Theorem \3.4\ assume further that x is self- 
adjoint. Then for t e 1R 

(3.7) T { e -t(x-E Fbc x)\ < e c||r(x,x)||ooi 2 ^ 

and for t > , 

/ t 2 \ 

(3.8) Prob(a; - E Fix x > t) < exp ( - — — — ) 

where the constant c only depends on a. 



Proof. Again it suffices to consider (13. 7p for x with E F i x (x) = since T(x,x) = T(x — 
E Fix x, x — E Fix x). From the proof of (13. 5p . we know there exists C > such that for t e K 

r(e tx ) < r(e tx ) + r(e" te ) < 2e cllr{x ' x)ll °° t2/a . 
Then for t 2 \\T(x, x)^ > 1, we have r(e tx ) < e (in2+c/a)||r( 1 r^)|| 00 * 2 _ For t 2 \\T(x, x)^ < 1, 



oo 



Tie 



, j^t^)_ ^ 1 + j^t k C k k k / 2 \\T(x,x)\\ k d 2 

k=2 ^' k=2 



k\ ~ ^ a k l 2 k\ 

k=2 

< l + cWT&x)^ 2 < e cmx ' x) ^ t2 

for some constant c = c(a) since t(x) = and the series converges. The second assertion 
follows in the same way as (13. 6p . □ 

The exponential integrability result (13. 7p was proved by Bobkov and Gotze [7] in the 
commutative case by using a variant of LSI. They also deduced a transportation inequal- 
ity from (13.71) . We will follow their approach to obtain a noncommutative version of 
transportation inequality. Since LSI is not available in our noncommutative theory, our 
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Poincare inequalities might be a more universal approach to the transportation inequality. 
Let us first define Wasserstein distance and entropy in the noncommutative setting. 

Definition 3.15. Let p and a be positive r-measurable operators (e.g. density matrices) 
affiliated with (A4,t). The noncommutative entropy of p G L\(M.,t) is given by 

Ent(p) = r(pln(p/r(p)). 

Let (j) and if) be states on Ai. The L\- Wasserstein distance between <fi and ip is defined by 

Wi((j), ip) = sup{|0(x) — ip(x)\ : x self-adjoint , \\T(x, x)\\oo < 1} . 

The Li-Wasserstein distance between p and a is Wi(p,a) = Wi(<f) p , <p a ) for <p p (-) = 
T (-p)/ T (p) and (/>„(■) =r(-o-)/r(a). 

It is easy to check that W\ is a pseudometric but may not be a metric in general. Our 
definition of Wasserstein distance coincides with the classical definition in the commutative 
case due to the Kantorovich- Rubinstein theorem, see e.g. [5U Theorem 5.10]. It is also 
closely related to the quantum metric in the sense of Rieffel [15]. Now we state a general 
fact on the relationship between conditional expectation and entropy. 

Lemma 3.16. Let p e Li(A4, r) with p > and r{p) = 1 and E : M. — > M the conditional 
expectation onto subalgebra N '. Then 

r(Ep\nEp) < r(plnp) . 

Proof. Let p n = pl[o, n ](p)- Then p n G L P (A4, r) for all p > 1. It is easy to see that p n — > p 
in the measure topology. Notice that r[(p„/r(p„)) ln(p n /r(p„))] = lim^i l^"/ 7 "^!!"" 1 . 
This yields 

J E Pn E Pn \ _ lim W E Pn/ T (Pn)\\ P p- 1 

Vr(p n ) T(p n )J pii p-1 

<lim \\Pn/r( Pn W p -l = / ln . Pr 



Pii p-1 WPn) r(p n ) 

Let p be the distribution of p. Then 

r f _ r i T m_ r i T N ) = ~T~^ / xlnxp{dx) - In r(p„) ->■ r (pin p). 

v nPn) r(p n )/ r(p n ) J 

Following [TB], we denote the generalized singular number of p by pt(p)- Note that \\Ep n 
Ep\\i < ||p n — p||i — >■ as n — >■ oo. We have for every t > 0, 

p t (E Pn -Ep) < r 1 f p s (E Pn -Ep)ds < r l \\E Pn -Ep\\ l . 

J o 
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Then lim^oo \i t {Ep n —Ep) = 0. By [THJ Lemma 3.1], (Ep n ) converges to Ep in the measure 
topology. Since < Ep n < Ep, by [TBI Lemma 2.5], p t (Ep n ) < p t (Ep). We deduce 
from [IEI Lemma 3.4] that lim^oo p, t (Ep n ) = Ht(Ep) for t > 0. Now consider g(x) = 
xlrix = xlnxl[i j00 )( x ) — (— xlnxl(o,i)). Both functions in the decompostion are nonnegative 
Borel functions vanishing at the origin. It follows from [TBI (3)] that r{Ep\nEp) = 
Jq 1 p t (Ep) In /j, t (Ep)dt. Since for fixed e > 0, [p t (E p n ) \n p t (E p n )] n is uniformly bounded 
on t G [e, 1], we have 



r(EplnEp) = sup / p t (Ep)la p t {Ep)dt 
e>0 i e 



= sup lim / p t (E p n ) In p t (Ep n )dt < lim sup r{Ep n In Ep n ) 

e>0 J e n-s>oo 

< lim sup r(p„ In p n ) . 

n— ¥oo 

This completes the proof. □ 

The next result in the commutative setting is well known; see, e.g., [TU Section 6.2]. 
Lemma 3.17. Let a be a self-adjoint r -measurable operator. Then, 

(3.9) lnr(e CT ) = sup{r(pa) - r(p In p) : p > 0,r(p) = 1} . 
Therefore, for all positive p G Li(Ai, r) 

(3.10) Ent(p) = sup{r((jp) : a self-adjoint, r(e a ) < 1} . 

Proof. Let a be a self-adjoint operator r-measurable operator. Consider the von Neumann 
subalgebra M generated by {f(o~) : f : C — > C bounded measurable}. Then there exists 
a conditional expectation E : M. — > J\f which can extend to a contraction L p (Ai,r) — > 
L p (N,t) for all 1 < p < oo. Assume r(p) = 1. Then E{p) G Li{U,r). But M is 
commutative and r(E(p)) = r(p) = 1. After identifying r with a probability measure 
denoted still by r, we use Jensen's inequality for the measure E(p)dr to deduce that 

r(aE(p))-r(E(p)\nE(p)) = r{\n{e° E{ P y l )E{p))) < lnr(e CT ) . 

Using Lemma [3.161 and noticing that r(ap) = r(aE(p)), we find 

r(crp) — r(p In p) < lnr(e CT ) . 

For the reverse inequality, put a n = o"l(„ 00>n ](o") for n G N where l(_ 00jn ](o") is the spectral 
projection of a. Plugging p n = e Un /r(e an ) into the right hand side of (13. 9p . we have 

r(ap n )-r(p n In p n ) = ^ ~ + In r(e g ") ■ 
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By the spectral decomposition theorem of er, r((cr — a n )e an ) > 0. Then for all n we have 

sup{r(pa) - r(plnp) : p > 0,r(p) = 1} > lnr(e CT ") . 

By Fatou's lemma [HH Theorem 3.5] liminf^oo lnr(e cr ") > lnr(e <J ). This proves (13.91) . 
For (13.101) . note that T(e CT ) < 1 implies r(ap) < r(p In p) for all positive p G Li(.M,t) 
with r(p) = 1. If r(p) 7^ 1, we consider p' = p/V(p) and find r(crp) < r(pln(p/r(p))). The 
equality is achieved by a = In p — In r(p). This proves the second assertion. □ 

Theorem 3.18. Let (_M,r) be a noncommutative probability space. Then 

(3.11) Wi(p,l) < v / 2cEnt(p), 

/or all p > with r(p) = 1 if and only if for every self-adjoint t -measurable operator x 
affiliated with Ai such that ||r(x, x) < 1 and t(x) = 0, 

(3.12) r{e tx ) < e ct2/2 , for all t G R+ . 

Proof. Thanks to the proceeding two lemmas, the proof is the same as that in the com- 
mutative case in [7]. We provide it here for completeness. Setting a = tx — ct 2 /2 in (13. 10p 
and assuming (13.121) we find 

(3.13) r{(tx - ct 2 /2)p) < Ent(p) . 

Since r(x) = and r(p) = 1, it follows that r(xp — x) < ^ + jEnt(p). Minimizing right 
hand side gives 

(3.14) r{xp - x) < v/2cEnt(p) . 

Note that r(xp — x) = r[xp — x) for all x where x = x + t(x). Taking sup over all 
self-adjoint x with ||r(ar, x) ||oo < 1 on the left hand side of (I3.14p gives (13. lip . For the 
other direction, note that (I3.13P is equivalent to (13. lip by reversing the above argument. 
Then (I3TT2D follows from (EHD by setting a = tx - ct 2 /2. □ 

If Fix = CI (i.e. the system (Ai,T t ) is ergodic), then combining the above theorem 
with ( 13. 7p . we find the transportation inequality ( 13. lip under the assumptions of Theorem 
13.41 In fact, we even have a non-ergodic version of transportation inequality. 

Corollary 3.19. Suppose T{e l ^ x ~ EFi ^) < e c * 2 for any t -measurable self-adjoint operator 
x affiliated to A4 such that \\T(x, x)||oo < 1- Then 

(3.15) Wx{p,E F ^p) < v / 2cEnt(p) . 

for all p > with r(p) = 1. In particular, (13.111) holds under the additional assumption 
E Fix p = 1 . 
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Proof. The proof modifies a little of that of Theorem 13.181 Since r(p) = 1, we have 
r([t(x - E Fix x) -ct 2 /2}p) < Ent(p). Then we deduce that r(px - pE Fix (x)) < ^2cEnt(p). 
Since r(pE Fix (x)) = r(E Fix (p)x), we have 

r(px - E Fix (p)x) < v / 2cEnt(p) . 

Taking sup over all self-adjoint x with ||r(a;, x)\\oc < 1 gives the assertion. □ 

It is easy to see the assumptions are fulfilled by the hypotheses of Theorem 13.41 The 
point here is that even though the fixed point algebra Fix is not trivial we still have a 
transportation inequality although in certain situation the inequality does fail. 

Remark 3.20. Let p be a positive operator with r(p) = 1. For p E Fix, define B(p) = 
{/ E L x (AT) : E Fix (f) = p}. Then for f u f 2 E B(p), we have Wxtfuh) < W 1 (f 1 ,p) + 
Wi(/2, p) < oo. However, if f x E 5(pi), f 2 E B(p 2 ) and p x ^ p 2 , then 

W 1 (p 1 ,p 2 ) > sup{|r(pix - p 2 x)\ : x E Fix, ||r(x, a:)!^ < 1} = oo . 

It follows that Wi(/i,/ 2 ) > \W 1 (p 1 ,p 2 ) - Wi(/i,Pi) - Wi(/ 2 ,/02)] = oo. This yields an 
interesting geometric picture: operators in the same "fiber" B(p) have finite distance 
between one another while operators belonging to different "fibers" have infinite distance. 

The following simple result provides another way (under the assumption of finite diam- 
eter) to obtain the transportation inequality. 

Corollary 3.21. Suppose for self-adjoint x E Af, E Fix (x) = and \\T(x, x)||oo < 1 imply 
\\ x \\oo < K . Then, (13 . 1 5[) holds with c = K 2 for all p > such that r(p) = 1. 

Proof. A calculation gives e x — x < e x2 . Assume E F - lx {x) = and \\T(x, x)||oo < 1- Then for 
t > 0, r(e tx ) = r(e tx — tx) < r(e tK — tK) < e K * . The claim now follows from Corollary 
l3~T9l □ 

Suppose in Theorem 13.41 we only have T 2 > but not the r 2 -condition. Junge and Mei 
proved in [21] as the main result 

\\A 1/2 x\\ p < c(p) max{||r(x,x) 1/2 || p ,||r(x*,x*) 1/2 || P } 

in this setting. In the same paper, they also showed [24"l Theorem 1.1.7] that if 

(3.16) \\T t : L°(A0 ^ L 00 (Af)\\ < Ct~ n / 2 , 

then ||v4~ 1/2 : L° p (AT) -»■ L 00 (Af)\\ < C{n) for p > n. This gives \\x\\oo < C(n)\\A 1 / 2 x\\ p 
for large p and E Fix (x) = 0. Assuming T(x, x) < 1 for self-adjoint x, it follows that 
IMloo < C{n). In light of Corollary 13.211 we obtain the following result. 
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Corollary 3.22. Let T t be a standard nc-diffusion semigroup acting on M with T2 > 0. 
Then ( 13. 16ft with finite dimension n implies the transportation inequality ( 13. 15ft for all 
p > such that r{p) = 1. 

In the commutative theory, the transportation inequality ( 13. lip implies isoperimetric 
type inequality by Marton's argument in [TJ. So far it is not clear what isoperimetric 
inequality means in noncommutative probability. We hope to give a noncommutative 
analog of isoperimetric inequality. 

Definition 3.23. Let e, f E (Ai,r) be projections. The distance between e and f is 

d(e, f) = inf{Wi(0, ijj) : <fi and ip are states, s(4>) = e, s(ip) = /}, 
where s(4>) is the support of (p. 

Here our definition generalizes directly the distance of sets in the commutative theory. 
Thus in general d is not a metric, as in the commutative setting. Then the following result 
follows from the same proof as in the commutative setting given in [TJ. 

Proposition 3.24. Let e, f E (JA,t) be projections. Then under the assumptions of 



Theorem\3.4\ and assuming Fix = CI, 



d(e,f) < v / -2clnr(e) + v/-2clnr(/). 
Equivalently, for every h > a/— 2clnr(e) and every projection p such that d(p, e) > h, 

r(p) < exp ( - y c (j 1 ~ \/- 2clnr ( e ) 



Proof. Put e (-) = r ( e ")/ r ( e ) an d 0/ = r (/')/ r (/)- It 1S eas y to see that d(e, f) < 
Wx((f) e , <p f ). Then triangle inequality and ( 13~TT|) yield rf(e, /) < v /2cEnt(e) + ^/2cEnt(J). 
By spectral decomposition theorem of the identity, Ent(e) = In -^d/j, where A is 

a Borel set such that l^(Jd) = e. Hence we find Ent(e) = — lnr(e), which gives the first 
assertion. The equivalent formulation is a simple calculation. □ 

To conclude this section, we remark that the best possible a in T 2 > oT sometimes 
characterizes the dynamical system (A4,T t ). See the example of hyperfinite II\ factor 
below. 

4. Application to the group von Neumann algebras 

Starting from this section, we will investigate a variety of examples which satisfy the 
assumptions of Theorem 13.41 All the Poincare type, deviation and transportation inequal- 
ities we derived previously will hold in these examples. The key point is to check T2 > ctT. 
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It may be of independent interest because it means a strictly positive Ricci curvature from 
the geometric point of view. We consider the FVcriterion for group von Neumann algebras 
in this section. 

Let G be a countable discrete group. In this paper we say that if> : ip — > IR+ is a 
conditional negative definite length (cn-length) function if it vanishes at the identity 
e, ip(g) = iplg' 1 ) and is conditionally negative which means that Yl g £g = implies 
Y2 g h^g^hipig' 1 ^) < 0. By Schoenberg's theorem, any cn-length function determines an 
affine representation (H^, X^,b^) and vice versa. Here A : G — > O(H^) is an orthogonal 
representation over the real Hilbert space together with a mapping: b : G — > with 
the cocycle law b(gh) = b(g) + X g (b(h)). 

Let A : G — > B(£ 2 (G)) be the left regular representation given by X(g)5h = o~ g h where 
<5 5 's form the unit vector basis of ^(G). Let £(G) = X(G)", the von Neumann algebra 
generated by {A(g) : g G G}. Any / G C{G) can be written as 

/ = E^)A(s). 

It is well known that r(f) = (S e , fS e ) defines a faithful normal tracial state and r(f) = /(e) 
where e is the identity element. In what follows, we define the semigroup associated to the 
cn-length function if; by T t (X(g)) = Tf{X{g)) = (f) t (g)X(g) for g G G, where (f>t{g) = e'^^. 
The infinitesimal generator of T t is given by AX(g) = if>(g)X(g). Recall that the Gromov 
form is defined as 

K(g, h) = K gA = h${g) + if;(h) - ifiig-'h)), g,heG. 
Given / = J2 X&G f(x)X(x) and g = J2 V £G 9{v)^{y)i a straightforward calculation gives 

r(/,<7) = J{x)g{y)K{x,y)X{x- l y) , 

x,yeG 

r 2 (f,g) = Yl h*)9{v)K{x>v?K*- 1 v) ■ 

x,y&G 

Let A be the subalgebra of C(G) which consists of elements that can be written as 
finite combination of X g ,g G G. Then A is weakly dense in C(G) such that AA C A and 
T t A C A. 

Lemma 4.1. A is dense in Dom(A 1 / 2 ) in the graph norm of A 1 / 2 and T t is a standard 
nc-diffusion semigroup acting on C(G). 
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Proof. For / = £ 9j6G /(ft)A(^) G Dom(A 1 / 2 ), put /„ = Eti f Note tha t 

/ G L 2 (C(G)). Then 

OO 

- /IU 2(A G)) = r((/:-r)(/»-/)) = E l/(^)| 2 ^ ' asn-^oo. 

i=n+l 

Since (AfJ) = ^(ffOI/foOl 2 < oo, we have 

oo 

(A(fn ~ /), fn ~ f}L 2 (C(G),r) = ^ ^i) I fidi) I ^ ~* °> &S 77. ^ OO . 

j=n+l 

Therefore A is dense in the graph norm. Schoenberg's theorem implies that T t is completely 
positive. It can be directly checked that T t is normal and unital. Since ip{g) = ^(g^ 1 ), 

r{T t {x)y) = (4^ e ^)£(j)A,J]j(Ji)U) = £ e^a^)^- 1 ) = r(xT^) . 

Hence T 4 is self-adjoint. To check that (T t ) is weak* continuous on C(G), it suffices to 
verify that (T t ) is a strongly continuous semigroup on L 2 (£(G)). For / G L 2 (£(G)), we 
have 

llr*/ - /IILWO) = £(^ W - i) 2 !/^)! 2 as t . 
sec 

We have proved that (T t ) is a standard semigroup. Let f £ A. Then 

l|r(/,/)||i = (5e,52\f(g)\*K g M = Y,^9)\f(g)\ 2 = p 1 / 2 /l| 2 <oo. 

g&G g&G 

Since ^4 is dense in Dom(A 1//2 ) in the graph norm, by a similar approximation argument to 
Lemma \3. 8 1 the above equality holds for all / G Dom(A 1 ^ 2 ) and thus (T t ) is a nc-diffusion 
semigroup. □ 

By virtue of Lemma 14.11 and Corollary 13.81 our Poincare inequalities will follow if the 
r 2 -criterion holds. Put Fix = {/ G £(G) : if)(f) = 0}. 

Corollary 4.2. Let 2 < p < oo and assume r 2 (_/, /) > ocT(f, /) /or f € A. Then there 
exists a constant C such that for all self-adjoint f G L P (C(G), t), 

\\f-Ev-M)\\v < Ca-^mmi^pWrifjY^U p\\T(f, ff/%} . 

If ip{9) = on ly if 9 i> s ^e identity element, then E-p ix (f) = r(f) for f G £{G). 

Among the examples we will consider below, the free group on n generators F n satisfies 
^Fix(/) = T {f) but the finite cyclic group Z n has nontrivial Fix. With the help of Lemma 



MARTINGALE DEVIATION AND POINCARE TYPE INEQUALITIES 



29 



14.11 and Corollary 13.81 we only need to check the r 2 -criterion on the finitely supported 
elements in order to fulfill the hypotheses of our main theorem. We call 

[r 2 (xj, Xj)] > a\T(xi, Xj)] for any n G N and xi, ■ ■ ■ ,x n E A 

the algebraic r 2 -condition or (r 2 -criterion) and abbreviate it to 'T 2 > aT in C(G)" . This 
is the theme of two sections from now on. The following technical lemmas will be used 
repeatedly. 

Lemma 4.3. Suppose K = (K Xsy ) X)ye G is a matrix indexed by G with entries in C and 
define a sesquilinear form 6 : A x A — > A, Q(f,g) = y ec f( x )9(y)^x, y ^(x~ 1 y). Then 
K is nonnegative definite if and only if O is positive. 

Proof. Our proof is based on Lance [32j Proposition 2.1]. Assume K is nonnegative defi- 
nite. Write K = X*X for X = {x gth ),x gth G C. Then K = Y,i(Y. g ,h x *ig x ih ® e g ,h)- Given 
Z 1 , • • • , f n G A, we have 

&(f\n = E E f\g)P(h)x* lg x lh \{g~ l h) 

l£G g,heG 

l&G g h 

Here we understand all indices are finite. Put Q\ = f l (g)xi g Xg. We then have 

n n n 

= E E ® °u = E(E^® e ^)*(E^® e ^)> 

leG i,j=i leG i=i j=i 

which is positive in M n (£(G)). Conversely, let (xi) = Yli x i$ki G 0.2(G) and write gi = 

K 1 G G. Then ( Xi ) = E feN ^ r i. Let ^ = X ^ S ° that W*'^')) = i K i,AK%)) ^ 
positive in M n (C(G)) for all n G N. Then for hi = Xi5 9i G h(G), we have for all n G N 

< ([&(f\P)}(h u --- ,h n ),(h ir -- ,h n )) qmG)) 

n n 

= E ( K hjKK lk i) X j$9H X i$9i)l2{G) = ^2 K iJ x j x i, 
i,j=l i,j=l 

which implies that K is nonnegative definite. □ 
The next lemma is useful when we deal with the product of groups. Note that 

m 
i=l 
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The identification is given by X(gi, ■ ■ ■ ,g m ) h-> \(gi) <E> ••• ® X(g m ) for <7j G Gj. We 
associated the form T 2 to a matrix X as follows: T^if, g) = J2 X y &G f( x )9(v)^-x,y^( xl y)- 
In what follows the matrix K will be the Gromov form. If K = K\ ® K2, then it is easy 
to check F K (f ® g\ P ® <?) = T K >(f\ p) ® T K *(g\ <?) for f t E C(G 1 ),g i E C(G 2 ). 

Lemma 4.4. Let (K i )™ =1 be nonnegative definite matrices and T Ki the associated gradient 
forms in the sense of Lemma \4-3\ Suppose > aT Ki . Then 

I 2 > ad , 

where K = YllLi 1 ® • • • ® ® • • • ® 1 with Ki in the ith position and in what follows 1 
always denotes the matrix with every entry equal to 1. 

Proof. In light of Lemma 14.31 it suffices to verify K • K > aK. Here and in the following 
A • B denotes the Schur product of matrix. Note that trivially 1 > 0. Since Ki > 0, all 
the "cross terms" of the form 

1 ® • ■ • ® K h ® • • • ® K i2 ® ■ ■ ■ ® 1 

are nonnegative matrices for all 1 < %\ < z 2 < m. It follows that 

m 

K • K > 1 ® • • • ® • K i) ® ■ ■ ■ ® 1 > • □ 

2=1 

4.1. The free groups. Let ¥ n denote the free group on n generators with length function 
i[) = I • I, where for g E F n , \g\ is the length of (the freely reduced form of) g. Note that 
the Gromov form K(g, h) = \ min(g, h)\ := max{|«;| : g = wg', h = wh'} where mm(g, h) 
is the longest common prefix subword of g and h. 

Proposition 4.5. r 2 > T holds in C(F n ). 

Proof. For a freely reduced word x E F n , write -< x for the prefix subword of x with 
length z. Following Haagerup's construction, we define a map 

V : F n -)■ 4(F n ), x ^ = ^ V2(i - l)<f x . . 

Then we have 

/V^-/V,, y = (^(x),y(y)), 2(Fn) = nx)*^), 

where V(x)* is a row vector and V(y) a column vector. It follows that K = {K 9t h)g,h is a 
nonnegative definite matrix. We deduce from Lemma [4.31 that T 2 > T. □ 
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Remark 4.6. (1) It was shown in [2U Remark 1.3.2] that 

\\T t : L?(£(F n )) Loo(/:(F n ))|| < Ct" 3 . 

Therefore, Theorem 13.181 and Corollary 13.221 give two different ways to prove the 
transportation inequality (13. lip for £(F n ). 
(2) We can construct a sequence of positive definite matrices (K^ m >) m such that 

(\K {m) ] 2 ) > (K {m) ) 
\\- n g,h I ) g ,h£G - K^g.h ) g ,heG- 

Indeed, put = (Kg^), and inductively 

K (m+D = R (m) . R (m) _ R (m) = [[K^f - K$) , m G N. 



$ = k. Then K™ 
is an increasing sequence. Using the elementary summation formula 



Suppose K g l = k. Then K^™' = f{k) for some polynomial /. By induction, (f(k)) 



i=l 



(m + 1) 
p + 



i p - j + 1 V j 



p 



\p-j+i 



where Bj denotes a Bernoulli number, we can find a sequence Oj such that /(fc) 
Si=i a « f° r a ^ ^ G N. aj is of the form Oj = J^p =0 _1 A p z p for A p G 
<2j = /(z + 1) — f(i) > 0. Then we define a map 

W : F n -»■ £ 2 (F n ), 5 ^ = ^ v^"^ . 



and 



9i-<9 



By construction, we have 



*S = (W(g),W(h)) HWn) = W(g)*W(h), 

which implies the positivity of K^ m \ The point here is that £(F n ) admits infinitely 
many semigroups with positive "curvature" . 

The particular case n = 1 gives some interesting results in classical Fourier analysis. 
Indeed, £(Fi) = £(Z) = ^(T) and L p (£(Fi)) = L P (T) after identifying \{k)(x) = e 2nikx . 
In this case 

min(|j|, |fc|), jk>0, 
0, otherwise. 



K(j,k) 



Corollary 4.7. Let 2 < p < oo. TTien i/iere exists constants C and C such that for all 
f G L P (T), we have 

1/2 



||/-/(o)||p < cVp 



f(j)f(k)rmn(\j\,\k\)e 2m(k ^- 

j,keZ,jk>0 
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11/ -/(O) ||p < C'p 



^ /(j)/(fc)min(|i|,|fc|)e 2 "M' 
j,kez,jk>o 



1/2 



p/2 



Remark 4.8. Observe that this example is purely commutative. However, commuta- 
tive probability theory seems insufficient to establish these inequalities. Intuitively, the 
multiplier \j\ corresponds to A 1//2 . The Markov process generated by A 1//2 is the Cauchy 
process with discontinuous path. The classical diffusion theory does not apply here. But 
it is still nc-diffusion so that our noncommutative theory is essential in this regard. In 
general, whenever the process has discontinuous path but its semigroup still satisfies our 
assumptions, the noncommutative theory seems to be a natural choice due to the existence 
of Markov dilation with a.u. continuous path as stated in Theorem 12 .21 We will have more 
examples of this kind in the following. 



4.2. Application to the noncommutative tori Tie. We recall the definition following 
[23] . Let G be a d x d antisymmetric matrix with entries < 8ij < 1. The noncom- 
mutative torus (or the rotation algebra) with d generators associated to B is the von 
Neumann algebra H® generated by d unitaries u±, ■ ■ ■ ,u d satisfying UjUk = e 2md: > k UkUj. 
Every element of TZ@ is in the closure of the span of words of the form Wk = u kl ■ ■ ■ u h d d for 
k = (hi, ■ ■ ■ ,kd) G Z d . TZq admits a unique normal faithful trace r given by t(x) = x(0) 
where x = X!fcez d %{k)u kl • " ' u / e O ur S oa l i s to show that TZq admits a standard 
nc-diffusion semigroup with the IVcriterion. We start with the von Neumann algebra 
of Z d . It is well known that C(Z d ) = Loc(T d ). We define ip(k) = ||jfe||i = Eti \ k i\ for 
k — (k\, ■ • ■ , kd) G Z d . Clearly, ip is a cn-length function and thus generate a standard nc- 
diffusion semigroup Pt by Lemma 14.11 In fact P t = P® d where Pt is the Poisson semigroup 
on Loo(T). 

Proposition 4.9. Let V be the gradient form associated to P t . Then r% > T in £(Z d ). 

Proof. Let K d be the Gromov form associated with ip. A calculation shows that K d (j, k) = 

K(ji, kx) H h K(j d , k d ) for j = (j u ■ ■ ■ ,j d ), k = (fci, ■■■ ,k d ) G Z d , where K is the 

Gromov form of Z = Fi considered in the proceeding subsection. Alternatively, we may 
write K d = Y2i=i l®---®-^®---®! where K is in the ith position. But we know from 
Proposition 14.51 that T2 > T in £(Z). The assertion follows from Lemma [4.31 □ 

Proposition 4.10. TZq admits a standard nc-diffusion semigroup with T 2 > T. 

Proof. Let k G Z d . Consider an action a : T d — > Aut(7£e) given by for s G T d , 
a s {u^ ■ ■ -u k d d ) = e 27ri ^'= lA:j ' s %j 1 ■ • -u k d d . It is easy to check that a s is a trace preserving 



MARTINGALE DEVIATION AND POINCARE TYPE INEQUALITIES 33 

automorphism. Define a map 

7T : Tie -> L^T^&Ke, w k = u kl ■■■u d d ^ n(w k )(s) = a s (w k ) = e 2m{k > s) u k ' ■ ■ -u k d d . 

Then n is an injective *-homomorphism. Define T t : 1Z® — » TZq, T t (w k ) = e - *"^" 1 ^. We 
claim that (T t )t>o is the desired semigroup. Indeed, by Lemma [5.11 and Proposition I4.9[ 
P t ® Id acting on L 00 (T d )®7?.e is a standard nc-diffusion semigroup and satisfies Y 2 > T. 
Then since n is injective and 

P t ®Id(n(w k )) = e~^e 2m ^ ®u k ^---u k / = n(T t (w k )) , 

we deduce that T t is a standard nc-diffusion semigroup with the r 2 -criterion. □ 

4.3. The finite cyclic group Z n . We consider the group von Neumann algebra £(Z n ) 
in this subsection. Let (ej)™ =1 be the standard basis of C™. Each Cj can be regarded as 
a vector in M 2n by canonical identification. Given k G Z n , define the 2n x 2n diagonal 
matrix a k = ( e 2mfc i/ n )™-i where each e 2mk ^ n is on diagonal and is identified with the 2x2 
rotation matrix 

cos(2nkj jn) — sm{2nkj/n) 
sin(27r kj/n) cos(2irkj /n) 

Consider the finite cyclic group Z n with 1-cocycle structure (b, a,M? n ), where 
1 , , \ 1 >A /cos(27r/c(j - I) In) - 1\ 

Lemma 4.11. Lei K(k,h) be the Gromov form. Then K(k,h) = (b(k),b(h)). 
Proof. Since the length function ip(k) = \\b(k)\\ 2 , by the cocycle property, 
K(k,h) = IdmW 2 + \\Kh)\\ 2 ~ WKh ~ k)\\ 2 ) 

= \(\\K-k)\\ 2 + h- k (Kh))\\ 2 - \\*-Mh)) + K-k)\\ 2 ) 

= a- k (b(j))) = -{a k (b(-k)),b(h)) 

= (b(k),b(h)). □ 
Clearly, K(k, h) — if k — or h — 0. For k, h ^ 0, a computation gives 

- 71—1 

h) = — [(1 — cos(27rA;j/?i,))(l — cos(2nhj /n)) + sin(27rA;j'/n) sin(27r /ij'/n)] 



i=o 

n-l 



1 + i Scos (^) = 1+jll 

n V n / 

j=0 
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where b~k,h is the Kronecker delta function. It follows that ip(k) = 2(1 — Sk,o)- For reasons 
that will become clear later, we normalize ip and still denote it by ip so that ip(k) = 1 — 5fc,o 
for k G Z n . Then the associated Gromov form satisfies Kk,h = |(1 + 8k,h) for k, h ^ and 
(Kkh ~ \K-k,h) — 0. It is an immediate consequence of Lemma H~3l that T 2 > |T in £(Z n ). 
In fact, we can do better. 

Proposition 4.12. For all < a < we have T 2 > oT in £(Z n ). Moreover, 

a n = is the largest possible a with the Y 2 -criterion. 

Proof. Note that the n x n matrix K can be written as a block matrix 

K = ( ° ° 1 

where J„_i is the n — 1 dimensional identity matrix and every entry of l n _i is 1. Write 
if = |(J n _i + l»-i). Since < (n — 1)4-1, for < a < ^ we have 

4# • # - 4aK = (3 - 2a)4_! - (2a - l)l n _i 
> (2 + n - 2cm) J n _i > . 

Plugging a; = ( ^i-^ , • • • , 77=^) into x'(K • K — aK)x > reveals that a n = is sharp. 
Then Lemma 14.31 leads to the rVcriterion. □ 



4.4. The discrete Heisenberg group if 3 (Z n ). Let H 3 (Z n ) = Z n x Z„ x Z n be the 
discrete Heisenberg group over Z n . We will write if for H 3 (Z n ) as long as there is no 
confusion. The multiplication in H is given by 

(a,b,c)(a',b\c') = (a + a' + be' ,b + b' ,c + c'), (a, 6, c), (a', 6', c 1 ) E H . 
Proposition 4.13. Let ip(a, b, c) = 2 — 5?,,o ~ <^c,o- T/ien 

(1) ^ is conditional negative and thus the semigroup (T t ) determined byip is a standard 
nc-diffusion semigroup. 

(2) Let T be the gradient form associated to ip. Then Y 2 > in C(H). 

Proof. (1) The length function of Z n considered in Subsection 14.31 is given by ip(k) = 
(1 _ $k,o), which extends to Z n x Z n as ip(k,l) = (1 — <5fc,o) + (1 — <^ j0 ). Define a group 
homomorphism 

(5 : H — > Z n x Z n , (a, 6, c) >-»■ (6, c). 

Since ^ is conditional negative, it follows from the definition that ip = ip o (3 is also 
conditional negative. Lemma [4.11 yields that (T t ) is a standard nc-diffusion semigroup. 
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(2) Let K and K be the Gromov form of (H, if)) and (Z n , if>) respectively. A calculation 
shows that for indices (a, b, c), (a', b', d) G H, 

K((a,b,c),(a',b',d)) = K(b,b') + K(c,d) 

= (K ® 1 + 1 ® #)((&, 6') (8) (c, c')) • 

By Proposition 14.121 and Lemma 14.41 with m = 2, we have r 2 > -^^r^ in C(H), as 
desired. □ 

Let ey be the standard basis of the matrix algebra M n (C) and <5j the standard basis 
of £ 2 (Z n ). Define the diagonal matrix Uk = Y^j=i e 2mk ^~ l >' n Cjj and the shift operator 
vi(Sj) = 5j + i which is nothing but the left regular representation of Z n on £ 2 (Z n ). It is 
easy to see that Uf.,Vi G M n = £>(£ 2 (Z n )) and they satisfy UkVi = e 2mkl ' n viUk- 

Proposition 4.14. Let C(H) be the group von Neumann algebra of H . Then 

C(H) = L^Zl) © M n © M 2 © • ■ • © Mn-i , 

where Ai x , x = 2, • • • , n — 1 are von Neumann algebras acting on £2(1%). Moreover, if T t 
is the semigroup associated to if) (a, b,c) = 2 — S^o — 8c,o, then T t leaves each component 
invariant and T t \j^ x is a standard nc-diffusion semigroup. 

Proof. Let us first determine the center of C(H) denoted by Z. The identity 

A(a, b, c)A(a / , b', d) = A(a', b', c')X(a, b, c) 

for all (a', b', d) G H holds if and only if b = c = 0. Thus £(Z n , 0, 0) C Z. Let J 7 denote 
the discrete Fourier transform of the first component on £ 2 (H). For 5( x ,o,o) ^2(Z n ,0,0), 
we have 

J n— 1 

^(<Wo)) = — =5Ze-^5 (Mi0 ) • 

v fc=0 

A calculation gives 

_ 27riax 

J r X(a, 0,0) J 7 0(^0,0) = e ™ 0(*,o,o) ■ 
This shows that TL{JL n -, 0, O)^ -1 = {e~^~ : a G Z n }" = Loo(Z n ). Since for fixed 2; G Z n , 
^(a.,.,.) G £ 2 (Z^), we have the Hilbert space decomposition 62(H) = @ xeZ ^(Z^). Then 
by the decomposition theorem of von Neumann algebras for subalgebras of the center, see 
e.g. 091 Theorem IV.8.21], 

C(H) = 0R, 

where Ai x is determined by the unitary J 7 , the discrete Fourier transform on the first com- 
ponent. Let q x G £oo(Z n , 0, 0) be the central projection given by q x : 62(H) — > sp&n{6( Xt y, z ) : 
y, z G Z„}. Put p x = T~ x q x T G £(Z n , 0, 0). Then is a central projection, X]"=oPie = 1 
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and p x C{H) = T~ X M X T. We observe that T t X(a, 0, 0) = A(a,0,0). Hence C(Z n , 0, 0) is 
contained in the multiplicative domain of T t . Then by the property of multiplicative do- 
main (see e.g. [HI Theorem 3.18]) for all x eZ n ,f G £{H), T t (p x {) = p x T t {£) G p x C{H). 
Let 77 G A^x with = T~ x r\T . We define T t r/ = TT t {p x £) J 7 ^ 1 - Since J 7 is a unitary, T t 
restricted to .M x is a standard nc-diffusion semigroup. By abuse of notation, we will write 
T t for Tt on Ai x in the future. 

To get more precise description of A4 X , we define a family of maps for x G Z n 

tt, : £(£T) -> B(£ 2 (Z£)) 

A(a,6, c) H^7ra.(A(a, 6, c))^,^) = .FA (a, b, c)T~ $(x,k,i) = e » A( b;C )^( fc ,o , 

where X(b, c) is the shift operator on ^(Z 2 ) gi ven by A(6, c)^/) = 5(jt + 6^+c)- Then 

= {vr x .(A(a, b, c)) : (a, 6, c) G if}" = {e~^v b ® (t^u^) : (a, 6, c) G . 

Here we have used the convention A (6, c) = v b <8> f c . If x = 0, we have 

.M = {A(6,c) : (6,c) G Z 2 }" = £(Z^) = L^Z*). 

If x = 1, it can be checked that {i> c w_f, : (b, c) G Z 2 }" = M n , see e.g. [T2J Theorem 
VII.5.1]. Define for (b,c) G Z 2 n 

p(v b <S> (v c u- b )) = v c u- b ■ 
Then p is a ^-isomorphism and thus Aii = M n . □ 

Consider the semigroup T t acting on M n (C) defined by J jv^fc) i n the preceding proposi- 
tion. Explicitly, T t is determined by T t {y c Ub) = e _t ^ 6,c ) (t>cUf,) where ip(b, c) = 2 — 5 fe — 5 c . 
Then the r 2 -criterion for M n follows from Proposition 14.131 We record this fact below. 

Proposition 4.15. M n admits a standard nc-diffusion semigroup (T t )t>o- Let T Mn be the 
gradient form associated to T t . Then T^ n > H±lY Mn in M n . 

4.5. Application to the generalized Walsh system. Let us recall some basic facts 
about the Walsh system following [15]. Let fi™ = {1, e 2 ™ /n , e 2wi2/n , • • • , e ^(n-i)/n^ m be the 
m-dim discrete cube equipped with uniform probability measure P. Let Uj, j = 1, • ■ ■ , m 
denote the jth coordinate function on fi™. For a nonempty subset B C {1, • • • , m} and 
x — (xi, - ■ ■ , x m ) G Z™, define 

and W0 = 1. Put G = {cjb(x) : B C {1, • • ■ , m}, a? G Z™}. Then G is clearly a group and 
Loo(f2™) is spanned by the elements of G. 
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We consider the abelian group Z™. Define 

ip(x 1 , •■■ ,x m ) = (n-S Xl S Xm ), (xi, • • • , x m ) G 1™ , 

where 5 X = 5 Xt0 . Given x = • • • ,x m ), put B x — {i : Xi ^ 0, i = 1, ■ ■ ■ ,m}. Clearly 
ip(x±, ■ ■ • , x m ) = \B X \, where \B\ is the cardinality of B. A similar argument to the proof 
of Proposition 14. 1 31 shows that if} is a cn- length function and the associated Y form satisfies 

n + 2 

(4.1) r 2 > -^_r in £(Z-) . 

Here the constant is given by Proposition 14.121 Define a map 

(3 : Z™ -> G, x = ( Xl , • • • ,x m ) ^ H . 

j£B x 

It is easy to check that (3 is a group isomorphism from Z™ to G. The idea here is to 
convert addition to multiplication. Under the identification /3, £(Z™) = L 00 (fi^ 1 ) and thus 
every / G £(Z™) can be written as 

/ = e(/) + yi /- n w ? > 

where E(/) = r(/) is the expectation associated to the uniform probability. By abuse of 
notation, we still denote by if> the cn-length function induced by (3 on {u>b}, i.e. 

V^bJ = := ^(x), XGZ:. 

Then we have 

^(wbJ = ^(ari,--- ,ar TO ) = |-B X | . 
Therefore the infinitesimal generator A of the heat semigroup T t in this case is the number 
operator for the generalized Walsh system which counts non-zero elements 

A ojb = \B\cjb ■ 

Moreover, it follows from (14. ip that T 2 > ^^-T in -^oo(^™)- The case n = 2 is of particular 
interest. Indeed, we may write / G £(Z™) as 

/ = E(/) + f BUJB ■ 

BC{1,- ,m},B^0 



Note that in this case u b 1 ujc = ^bac- Then the Gromov form of {ojb} is given by 

1 

2' 



K(u B ,u c ) = -(\B\ + \C\-\BAC\) = |BnC7| 



Hence, we find the gradient form 

r(/,/) = hfc\Bnc\u} B A C . 

B,Cc{l,-.m} 
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Let 6j = (1, • • • , — 1, • " " j 1) where —1 is only at the jth position. For x £ fi™, put 
(djf)(x) = \(f(x) — f(xej)) and define the discrete gradient V/ = (djf)JL 1 . Then a 
calculation gives T(f,f) = |V/| 2 , where | • | is the Euclidean norm of a vector in C n . If 
we simply write | V/| = f) 1 ^ 2 for any n = 2, 3, • • • , our Poincare inequalities for the 
generalized Walsh system is a dimension m free estimate. 

Corollary 4.16. Let 2 < p < oo. Then for all f £ L P (Q™, P), 

||/-E(/)Hp < Cyj — mn{Jp\\ |V/||U, p|| |V/| || p } . 

One of Efraim and Lust-Piquard's main results in [15] asserts that for 2 < p < oo and 
feL p (n?,P), 

||/-E(/)|| P < CVp|| |V/| || p . 

Our version for the case n = 2 is weaker. But our approach works from general n while 
their result is only for n = 2. For arbitrary n > 2, it is unclear to us whether it is possible 
to obtain similar results based on their method. Moreover, their concentration inequality 
[T5| Corollary 4.2] due to Bobkov and Gotze is now a special case of our (I3.5P with the 
same order. Efraim and Lust-Piquard's inequality would follow from our general theory if 
( II. 5p were true. 

4.6. The g-Gaussian algebras. We first recall some definitions and basic facts following 
[8]. Throughout this section — 1 < q < 1. Let H be a separable real Hilbert space 
with complexification % c . Let (F q (?i), (■, -) q ) be the g-Fock space with vacuum vector 
Q and T q (j£) the g-Gaussian algebra which is the von Neumann algebra generated by 
s(f) = 1(f) + l*(f) for / en where 

l*(f)fl® ■■■®fn = ••■«/„ 

and 

n 

Kf) fl ® ■ ■ ■ ® /n = J] ® • • ' ® ^i- 1 ® ® * ' * ® /n 

i=i 

are the creation and annihilation operators respectively. The vacuum vector gives rise to 
a canonical tracial state r q (X) = (XQ,Q) q for X £ r g ("H). The g-Ornstein-Uhlenbeck 
semigroup = r g (e _t /-^) is a standard semigroup and extends to a semigroup of con- 
tractions on L p spaces. The generator on L2 is the number operator N q which acts on the 
Wick product by 

N*W{h ® ■ • • ® f)n) = nW{h ® • • • ® /„), /1, ■ • • , /„ £ , 
where is the Wick operator. It is easy to check that (Tf) is a nc-diffusion semigroup. 
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Let be the real Hilbert space with dimension n and {ei, • ■ • ,e n } an orthonormal 
basis. For j = 1, • • • , n, consider the embedding 

Lj : U -> U ® £2 , hv-^h®ej . 

According to [H Theorem 2.11], there exists a unique map r 9 (t) : T q (Ji) — >■ r g (% ® £3) 
such that r g (iy)(s(/i)) = s{h®ej). The map r ? (t) is linear, bounded, unital completely 
positive and preserves the canonical trace. Define sj(/i) = s(h (g) &,•). If q — 1, we write 
<7j(/i) = s(/i (8) ej) and it is well-known gj(h) is a standard Gaussian random variable if 
\\h\\ = 1. For h EH, put 

1 n 

u n (h) = _^sj(/i)® . 

Write A^ = r g ("H Cg> We consider the von Neumann algebra ultraproduct M. = 
\\ u Mn®Mn. Any element of M. can be written as u w (h) = {u n {h))* . We need the 
following fact proved in [2]. 

Lemma 4.17. The map s(h) y u u (h) extends to an injective trace preserving *-homomorphism 
it : T q (H) M. Moreover, for x G T q (U), 

n{T t q (x)) = {Id®TlYit{x) . 
Proposition 4.18. For -1 < q < 1, T 2 > T in T q (H). 

Proof. Since it is injective, it suffices to prove ttT^ 9 > irT Nq in T q (T-i). By Lemma [4.171 
we have irN q (x) = (Id <g> A 1 )V(x). It follows that 

n(T N "(x,y)) = rV^rfrixUiy)), 

and similar identity is true for r^ 9 . It is proved in [2] by using the central limit theorem 
of Biane [6] that T2 > T in r'i('H). Here r'i('H) is the von Neumann algebra acting on the 
symmetric Fock space. It follows that for all n G N and in M q n <g> M l n , T[ d ® Nl > T Idml . 
Hence, we find 

rf^VCcO.Trfo)) > r^ 1 )'^),^)) 

where for any m G N and Xj G T q ('H),i = 1, • • • , m, as desired. □ 

4.7. The hyperfinite 11\ factor. Our goal in this subsection is to show that the hy- 
perfinite ll\ factor R admits different standard nc-diffusion semigroups with r2-criterion 
and that the best possible a characterizes the corresponding dynamical system. It is well 
known that R can be approximated by matrix algebras {M n k : k G N}. We will em- 
bed M n m/2 to the group von Neumann algebra of generalized discrete Heisenberg group 
H™ +1 = Z n /2 x Z™. 
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Let = (Ojk) be an antisymmetric m x m matrix with 9jk — \ if j < k. The multipli- 
cation in H™ +1 = Z„/2 x Z™ is given by 

{x,£){y,v) = (x + y + B(£,r]),£ + ri), 

where B : Z n x Z n — > Z n /2 is a bilinear form given by £>(£, 77) = ^™ fc=1 ^JkCjVk — (£> ®v)- 
For (r, £) G H™ +1 , put i/)(r,£) = Y^jLi 1 — %,o — #{0 7^ 0}. Define a semigroup acting 
on C(H™ +1 ) by T t A(r,£) = e"^A(r,0 for A(r,£) G C(H™ +1 ) and t > 0. Using Lemma 
14.41 a similar argument to Proposition 14.131 shows that (T t )t>o is a standard nc-diffusion 
semigroup and that the associated gradient form satisfies T 2 > in £(H™ +1 ). 

Lemma 4.19. Let m > 2 be an even integer and n > 3. We have 

C(H™ +1 ) M x , 

xez n /2 

where M2 = M n m/2. Furthermore, T t leaves each M x invariant. 

Proof. Most of the argument utilizes the proof of Proposition 14.141 and [2"3"| Lemma 5.3]. 
Note that A(Z n /2, 0) lives in the center of £(H™ +1 ). By the decomposition of von Neumann 
algebras for the subalgebras of the center we obtain the first assertion. Write ej,j = 
1, ■ • • , m for the canonical basis of Z™ and put u J r = A(0, re,) for r G Z n . Then these u J r 's 
generate A(0,Z™) and u 3 r u^(S M ) = e 2nirsd > kx/n u k ui(5 {xr) ). Acting on H 2 := span{5 (2 ,.)}, 
u^s satisfy v? r u k s = e 2mrs ^ n u k ul for j < k and v? r u k = e~ 2mrs / n u k u J r f or j > fc. it is clear 
that y(ri, • ■ ■ , r m ) = u\ ■ ■ ■ u™ m is a basis for M. 2 which satisfies the equation 

u J r y(r u - ■ ■ ,r m )u 3 * = C(r,j,r ir -- ,r m )y(r ir -- ,r m ) , 

where C(r,j,r 1 , ■ ■ ■ ,r m ) = exp(2irir(ri + • • ■ + ry_i — r J+1 — • • • — r m )/n). In order to 
determine the center of M.2, we consider the equation for C(r,j,r±, ■ ■ ■ ,r m ) = 1 for all 
r G Z n , j = 1, ■ ■ • , m. This leads to a linear system over Z n 

-r 2 r m = 0, 

n - r 3 r m = 0, 

rH 1- r m -i = 0. 



Solving this system, we find T\ — ■ ■ • — r m — 0. Here we used the crucial assumption 
that m is even. Hence M2 has trivial center. Since it has dimension n m , it follows that 
M 2 = M nm /2, as desired. By restricting T t to M n m/2 and repeating the argument of 
Proposition 14.141 we can prove the last assertion. □ 
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It follows from the lemma that M n m/2 admits a standard nc-diffusion semigroup T t with 
r2 > ^y^r in M n m/2 for all m G 2N. Since the hyper finite II\ factor R is the weak closure 
of U^ =1 M n fe, we have proved the following result. 

Proposition 4.20. For any integer n > 2, there exists a standard nc-diffusion semigroup 
Tf acting on R such that the associated gradient form T n satisfies > ^^r n in R. The 
constant a n = is best possible. 

The last conclusion follows from Proposition 14.121 Let us now recall some definitions 
from dynamical systems. Let (X,Bx,H>, (T t ) t >o) be a measure-preserving dynamic system 
(MPDS) where B(X) is a a-algebra over X, [i is a probability measure and T t is a semigroup 
of measure-preserving maps. A MPDS (Y, By, v, (S t )t>o) is said to be a subsystem of 
(X, Bx, jU, (Tt) t > ) if there exist a measure-preserving measurable map tt : X — > Y and a 
number a > such that for all x G X, ir(T t x) = S at (irx) and for all B G -By, fi(ii~ l B) = 
v{B). This motivates our following definition. 

Definition 4.21. Let S t and T t be standard semigroups acting on von Neumann algebras 
Af and M. respectively. Suppose Af C M.. (A4,T t ) is said to be a dynamical subsystem of 
(A/", S t ) if there exists a trace-preserving *-homomorphism n : KA — y M and A > such 
that Sxt(nx) = ir(T t x) for all x G M. We denote this by (M,T t ) C (Af,S X t)- (M,T t ) and 
(Af, S t ) are isomorphic if they are subsystems of each other and tt is a * -isomorphism. 

The following result shows that R admits infinitely many non-isomorphic standard nc- 
diffusion semigroups. 



Proposition 4.22. Let T™ be the semigroup considered in Proposition \4 . 2C\ If (R,T™) 
and (R, T t n ) are isomorphic, then 

Proof. There exists a trace-preserving ^-isomorphism tt : R — > R such that 
(4.2) n{T?x)=T? t {7Tx) 

for x G KA. Let A n be the generator of T t n . Tf' > ^r A "' implies T^"' > X^T XAn ' . 
This together with gives Tf > X^T A " . But the best a is a n = Hence we 
have ^ > A^±2. It is clear that sp(A n ) = N and sp(XA n ) = AN. Here sp(A n ) denotes 
the spectrum of A n . ( 14. 2 p implies sp(aA n ) = sp(A n ) and thus A = 1. Hence n' > n. 
Repeating the argument by starting from > ! |^r' 1 gives n> n'. □ 

5. Tensor products and free products 



In this section we will construct further examples with the r2-criterion based on the 
examples considered in the previous section. This is done via the powerful algebraic tools 
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- tensor products and free products. It is not difficult to see the property "standard nc- 
diffusion" is stable under tensor products and free products. Due to the reason explained 
in the previous section, it suffices to consider the algebraic IVcondition. That is, we always 
work with a dense subalgebra contained in the domain of the form under consideration. 

5.1. Tensor products. The following result is our starting point to understand tensor 
products. 

Lemma 5.1. Let O : A x A — > M. and $ : B x B — > M be positive sesquilin ear forms, 
where A C M. and B C M are dense subalgebras so that and $ are well-defined. Then 
6 ® $ : A®B x A®B M®M is positive where for f = YJk=i x{®y{e A® B, 

e ® $ (e, e) := E E 4) ® vi) ■ 

k=l 1=1 

Proof. For r G N, let (x\) C A, (y l k ) C B where k = 1, • • • ,n iy i = 1, • • • ,r. Put 
m = Y^i=\ n i- Without loss of generality we may assume = n for % = 1, • • • , r. Sup- 
pose M. and M act on Hilbert spaces H and K respectively. Then {Q(x\,xj))k,i,i,j = 
Y^i,j,k,i ®( x \i ) ® e (k,i),(i,j) > as an operator on i™(H) where the indices 1 < k, I < n. 
Similarly, (${y{,yi))k,i,ij > on ^T(iT). It follows that 

(e(xL^'))<8)($(^,^)) 

E e (4»^)® $ (yt>^')® e (M),('j)® e (^,*o.('v) ^ 

on l%(H)®e?{K). Define 

v : ^(tf (8) AT) -»■ ^(tf ) <g> ^(tf), ® tf) ® e t h- E(& S ® e *) ® (vt ® e t ) . 

Here £ t s G -ff, G X, and (et) is the canonical basis of I™ for t — 1, ■ ■ • , m. Then 

[J2^t ® e *) ® fa* ® e *)] = ® ® e * • 

s s 

It is clear that v*[(Q(xi, xj)) ® !///))]« > 0. But 

u*[(6(4, ^)) (8) ($(y*'„ $'))]v = E e (4. ® i/f) ® e (fc , i))(ZJ) 

i,j,k,l 

= [®(4:rf)®Hyiyl)\{k,i),(i,j)- 



w 
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Let 1„ be a n x 1 column vector with each entry equal to 1m ® ljv" and I r the r x r identity 
matrix. Define an operator w : t 2 {H £*D K) — > £™(H ® K) by 

/ In \ 

lr 

w = l n ® I r = 

V w 

w is an m x r matrix. Note that [Q(x l k , xj) ® ?//)] is an m x m matrix. Then 
< w* [ ^ 6(4, xf) <g> y?) ® e (fcji) , (Iii) 

i,j=l k=l 1=1 

r 

= ]£(-):•• W'.O'') <,,. 

»J=1 

which completes the proof. □ 

Lemma 5.2. Let (T t )t>o an d (<St)t>o fre standard semigroups with generator A and B 
acting on finite von Neumann algebras Ai and M respectively such that T A > ctT A in Ai 
and rf > aT B in Af . Then T Am > aT A ® T , T 1 ® 3 > aT T ® B and T A ® I+mB > a T A ® I+mB 
all in M <g> Af. 

Proof. The first inequality follows from Lemma 15.11 with O = Y A and ^(yi,y 2 ) = y*U2- 
The second inequality can be shown similarly. For the last one, note that 

YA®i+i®b _ a YA®I+I®B 

= (r A& - aT A ^) + (rf B - aT 1 ® 3 ) + 2T A g> T B . 

Then the first two inequalities and Lemma 15.11 with O = T A and $ = T B yield the 
assertion. □ 

Proposition 5.3. Let Aj be self-adjoint generators of standard nc-diffusion semigroups 
(T t 3 ) acting on Afj and T 2 J > al j respectively for j = l,..,n with the same constant 
a > 0. Then the tensor product generator <S>Aj(x\ (g) • • • <g) x n ) = ■ x± <g) • • • <g) Xj-\ g) 
A 3 -(a;j) (8) Xj+i (g • • • (8) x n generates a standard nc-diffusion semigroup (T? ') with 

Proof. Note that T® Aj = T t Al ®- ■ -®T An . Since (T t Aj ) is a standard nc-diffusion semigroup 
for j = 1, • • • , n, so is T t 3 . We prove the r 2 -condition by induction. The case n = 2 



44 



MARIUS JUNGE AND QIANG ZENG 



follows from Lemma 15.21 The general case follows by induction and repeatedly invoking 
Lemma O to deal with "cross terms" like r 1 ®-*-® 7 <g> r 1 ®-^'"® 7 . □ 

Example 5.4 (Tensor product of matrix algebras). Let A be the generator of the semi- 
group T t acting on M n considered in Proposition 14.151 Let T be the gradient form asso- 
ciated to YliLi I ® ■ • • ® A® ■ ■ ■ ® I where A is in the ith position. Then it follows from 
Proposition El that T 2 > in ®^M„. 

Example 5.5 (Random matrices). Let (Q, P) be a probability space. Consider I®T t acting 
on Loo(f2,P) ® M n where T t is the semigroup considered in Proposition 14.151 By Lemma 
15.21 I ®T t is a standard nc-diffusion semigroup and satisfies T 2 > in /^(f^P) ®M n . 
Hence our results apply for random matrices. 

Example 5.6 (Product measure). Here we consider Aj = I — Ej for Ej a conditional 
expectation on Mj for j — 1, • • • ,n. By example 13. 11[ Aj generates a standard nc-diffusion 
semigroup and Y 2 3 > \^ Aj ■ Then we deduce from Proposition 15.31 that Y 2 > \Y A for the 
tensor product generator A = ®Aj. For x = X\ ® ■ ■ ■ ® x n , put Tj(x, x) = x\x\ ® • • • ® 
T Aj (xj, Xj) <S> • ■ ■ <8> x*x n . Then we have 



T(x,x) = J2Tj(x,x) . 



We want to investigate an easy consequence of our general theory for the product mea- 
sure space. Let (f2j, Pj), i — 1, • • ■ ,nbea family of probability spaces and denote by (f2, P) 
the product probability space. Then L 0O (fi,P) = ®" =1 £oo(^;, P;)- Define -Ej(/) = J 
for / G Loc(^, P) and put A t = I - Then 

W,/) = \{\f\ 2 -f I fdPi-f j fd¥ l+ j |/| 2 rfP 4 ) 



i/_y /rfPi |2+ J(\f\ 2 -\J /rfp.j 2 ) 



It is straightforward to check that the fixed point subalgebra of the semigroup e t( ^ A ^ is 
CI. Hence E-p^f — E/ for / G L oc (r2,P) where E is the expectation operator of P. Then 

([32]) yields 



(5 - 1) 



- exp ( E?_i 11/ + II /(l/l 2 - 1/ WWII J 
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Note that we do not impose any concrete condition on the probability spaces. This shows 
that the sub-Gaussian tail behavior is always true for product measures. We do not know 
whether such results are known before. 

5.2. Free products with amalgamation. Here we want to prove that the condition 
r~2 > aF" is stable under free products. Our general reference is (52]. We need some 
preliminary facts about free product of semigroups T t = *kT t k acting on Af := *v,kNk 
with generators acting on von Neumann algebra A4 D T>. Here T> is a von Neumann 
subalgebra of all Afk- Similar to the tensor products considered before, if {T Ah ) is a stan- 
dard nc- diffusion semigroup for k — 1, • ■ • , n, so is * k Tt k - We assume that commutes 
with the conditional expectation E : A4 — > T> for which we amalgamate and even 

A k E = EA k = 0. 

Our first task is to calculate the gradient T. For simplicity of notation, we always assume 
the elements we considered are chosen so that T and T 2 are well-defined. Let us now 
consider elementary words x = a\ ■ ■ ■ a m and y — b\ ■ • • b n of mean elements a k G A/"j fe , 
b k E Afj k . Recall that the free product generator is given by 

n 

Mpi ■■■b n ) = J2 b i--- b i-i A ii( b i) b w- b n- 

1=1 

In the future we will ignore the index for A. If we want to apply the free product generator 
A on the product of x*y, we have to know the mean decomposition 

X *V = a m'--a* 1 b 1 ---bn 

min(n,m) A 

= a * m ' ' ' a ^+ 1 a l E ( a *k-i ■ ■ - a i b i ■ ■ -h-i)h h+i ■ ■ -b n 

k=l 



+ 



E(a* m ■ ■ ■ a\bi ■ ■ ■ b m )b m+1 if m < n, 

a* m --- a* n+1 E(a* n ■ ■ ■ aj&i • • • b m ), if m > n. 

Here x = x — E(x). Let ko = inf{i 6 N : fci ^ ji}. Since T t (E(x)) = E(x) implies that 

(5.2) A(E( X )y) = ^ t[ E [x )y)- E [x) y = 

it is easy to see that all terms containing A(a*), A(bi) for i > ko will cancel out in T(x,y) 
and thus 

feo— i fco-l 
2T(x, y) = a* m ■ ■ ■ a* i+l A{a*)ai-.i ■ ■ ■ a\bi ■ ■ ■ b n + a* m ■ ■ ■ a\bi ■ ■ ■ bi^iA(bi)b i+ i ■■■bn 

i=l i=l 

a *k A K -i ■ ■ ■ a *ih ■ ■ ■ K-i)b ko ■ ■ ■ K 
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= 2a* m ■ ■ ■ a* ko T(ai ■ ■ ■ a/c _i, b\ ■ ■ ■ bk -i)bk • ■ ■ b n . 
Lemma 5.7. Let a^, fo, G A4, be mean elements for i — 1, • ■ • , r. T/ien 
r(ai ■ ■ ■ a r ,bi ■ ■ - b r ) = a* r T(ai ■ ■ ■ a r _i, &i - • • b r -i)b r + r(a r , E{a*_ l • ■ ■ a^6i ■ ■ • b r _i)b r ) . 

Proof. Using the mean decomposition, we have 

2r(ai • ■ • a r , bi ■ ■ ■ b r ) = A{a*)a*_ 1 ■ ■ ■ b r ^\b r + a* r A{a* r _ l ■ ■ ■ a*)&i • ■ ■ b r 
+ a* • • • a{A(bi ■ ■ ■ b r ^i)b r + a* ■ ■ ■ b r ^iA(b r ) 



r-l t X h 

- MK) ( ^2 a *- 1 ' ' ' a ^+! a *i E ( a *i-i ' ' ' a i^i ' ' ' bi-i)bi b i+1 ■ ■ ■ b r -ijb r 



i=l 

r-l 



~ K ' ' ' ^+1 a *i E ( a *i-l ' ' ' a l fo l ' ' ' b i-l) b i h i+i ■ ■ ■ b r -x)A{b r ) 

1=1 

— a*v4(a*_ 1 ■ • • a\bi ■ ■ ■ b r -i)b r — A(a*E(a*_ 1 ■ ■ ■ 6 r _i)£» r ) 
= 2a*r(ai ■ ■ • a r _i, b\ ■ ■ ■ b r _i)b r + A{a* r )E{a* r _ 1 ■ ■ ■ b r ^i)b r 
+ ■ • • 6 r _i)A(6 r ) - A(a*E(a*_ 1 ■ ■ ■ b r - X )b r ) 

which completes the proof with the help of (15.21) . □ 

The recursion formula immediately yields that 
Lemma 5.8. Let ko be as above. Then 

fco-l 

T(x,y) = ^a* m ---a* k+1 T(a k ,E(a* k _ 1 ---a* 1 b 1 ---b k ^ 1 )b k )b k+ i---b n . 

k=l 

Now we want to calculate 1^. For this we first define our new form 

T (fc) (x, y) = a* m --- a* k+1 T(a k , E{a* k _ x ■ ■ ■ a\bx ■ ■ ■ b k ^)b k )b k+1 ■•■b n . 
We have to analyze 

rW(A(x),y) + rW(x,A(y))-ArW(x,y) . 

Observe that for j < k all terms containing A(a*) or A(bj) appear inside the conditional 
expectation E in T^ k \A(x), y) + T^ k \x, A(y)) and there is no counterpart in AF^l Hence 
we find 

I {k \x, y) = a* m ■ ■ ■ a* k+1 T(a k , E{A{a* h _ l ■ ■ ■ a\)bx ■ ■ ■ b k -i)b k )b k+1 • • ■ b n 

+ a* m ■ ■ ■ a* k+1 T(a k , E(a* k _ 1 ■ ■ ■ a*A(6i • • • 6 fc _i))6 fc )6 fc+ i • • • b n . 
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For k < j < k we are left with the following terms 

fco-l 

II {k) (x,y) = ^ a* m - ■ -A(a*) ■ ■ ■ a* k+1 T(a k , E(a* k ^ 1 ■ ■ -a\bi ■ ■ ■ b k ~i)b k )b k+ i ■■■b n 

j=k 
fc () -l 

+ $Z a ™ " ' a fc+i r ( a fc ; E ( a l-i ■ ■ ■ a i b i ■ ■ ■ h~i)bk)b k +i ■ ■ ■ A(bj) ■■■bn 

j=k 

-a* m ■ ■ ■ A(a* ko _ x ■ ■ ■ a* k+1 T(a k , E(a k _^ 1 ■ ■ ■ a*6i • • • 6 fc -i)&fc)^fc+i • • 1 h -i) ■••&»» 
where we understand when j = k, A(a k ) and A(b k ) are inside the r-form. Since 

T(a k ,E(a* k _ l ■ ■ -a\bi ■ ■■b k - X )b k ) G Af ik , 
we are in the situation of Lemma 15.71 The recursion formula gives that 

fco-l 

II (k \x,y) = ^ Fjk(x,y) + 2a* m ---a* k+1 T 2 (a k ,E(a* k _ 1 ---a* 1 b 1 ---b k ^i)b k )b k+1 ---b n 
j=k+i 

where 

Fjk(x, y) = a* m ■ ■ • a* +i r(a i5 E{a* i _ 1 ■ ■ ■ T(a k , 

E{a* k _ l ■ ■ ■ a\bi ■ ■ ■ b k -i)b k ) ■ ■ ■ bj-^b^bj+i ■ • -b n . 

Therefore we find T 2 . 

Lemma 5.9. Using the above notation, we have 

fco-l 

2V 2 {x, y ) = ^r( fc )(A(x), z/ ) + r( fc )(x,A( 2/ ))-Ar( fc )(x,i/) 
fc=i 

fco-l 

= ^/( fc )(x,y) + //W(x,i/) 

k=l 

In order to show T 2 > <xT, we need a technical lemma which is an application of the 
Hilbert W / *-module theory; see [33|l39]. 

Lemma 5.10. Let §:AxA^-Afbea sesquilinear form where A is a separable *-algebra 
contained in the domain o/$ andAf is a von Neumann algebra. Then $ is a positive form 
if and only if there exists a map v : A — > C(Af) such that Q(x, y) = v(x)*v(y) for x,y G A 
where C(Af) = £2 <8 Af denotes the Hilbert Af -module, or the column space of Af . 

Proof. The sufficiency is obvious. Conversely, following the KSGNS construction [33|l39], 
we consider the algebraic tensor product A ® Af and define Xi ® a,i, ^) ■ yj (g) bj) = 
a*§(xi, yj)bj for Xj, yj G A and a,, bj G Af. Set JC = {x G A <g> Af : (x, x) = 0}. Then 
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A <g) Af ' j K is a pre-Hilbert jV-module with Af- valued inner product (x + ]C, y + fC) = (x,y) 
for x, y G A <g> A/". Let A ®$ A/" be the completion of .A <g> Af/K.. Then A. <g>$ AMs a 
Hilbert A^-module. Since A is separable, A. ®$ A/" is countably generated. It follows from 
[33l Theorem 6.2] that there exists a right module map u : A ®$ A/" — >■ £2 <E> A/" such that 

y]a*$(gi,yj-)6j- = (m(J^z< ® a* + £),u(J^% <g> 6 3 - + /C)) . 

In particular, y) = u(x <g> 1 + fC)*u(y (g> 1 + /C). Define t>(x) = w(x ® 1 + /C). This is 
the desired map. □ 

Remark 5.11. Since we only consider finitely many elements for the sake of positivity 
of a form in the following, the separability assumption on A in the previous lemma is 
automatically satisfied. If we want to remove separability, we can use the fact that every 
Hilbert right module over A" embeds isometrically in a self-dual module. Indeed, this 
follows from [39|. Let us sketch the approach from [28]. Consider the Li/2(Af) module 

Y = X® M L 1 (Af). 

Then the antilinear dual Y* is self-dual and obviously contains X isometrically. 

By a similar argument of ( 15. 2ft . we have A 1 ^ 2 (zx) = zA x l 2 {x) for 2 6 D and x G A/*. 
Then for x, y G Af, 

r{zE{A{x)y)) = r{E{A{zx)y)) = r{A 1 l 2 {zx)A 1 ' 2 {y)) = r{zE{A 1 / 2 {x)A l l 2 {y))). 

Hence, E(A(x)y) = E(A l/2 (x)A 1/2 (y)) and we find 

lW(x, y) = 2a* m ■ ■ ■ T(a k , E(A 1/2 (a* k _ 1 ■ ■ ■ a^A 1 ' 2 ^ ■ ■ ■ b k ^))b k )b k+1 ■ ■ ■ b n . 

We claim that this is a positive form. Indeed, I is nontrivial only if a k and b k are in the 
same Af ik . Using Lemma [5.101 with $ = T, we find (3 k : Af ik — > C{Mi k ) such that T(a, b) = 
/3 k (a)* /3 k (b) for a,b G Af ik . Similarly with <&(x,y) = E(x*y), we find v k : Af ->■ C(V) such 
that E(x*y) = v k (x)*v k (y) for x,y E A". Define 

• • A) = eii.-.i* ® g> J<i)(t; fc (y4 1/2 (6 1 • • • 6 A _i))6 fc )6 fc+1 
Note that by the module property (15.2p r(z*a, 5) = T(a,zb) for 2; G T>,x,y G A/"j fc . Write 
^fe(^) = (^U 3 -))' where G P. It follows that 

I {k \x,y) = 2a* m ---a* k+1 F(a k , ^[[A 1 / 2 ^ • • ■ a^v^A^ih • • ■ b k ^)]b k )b k+1 • ■ • b n 

1 

= 2 ^ a* m ■ ■ • a* +i r(4[A 1 / 2 (a 1 • • • a k ^)]a k , v k [A 1/2 (bi ■ ■ ■ b k - 1 )]b k )b k+1 ■■■b n 
1 

= 2 < ■ ■ ■ 4+A(4[^ 1/2 («i • ■ ■ a*-i)Wr/3fc(4[^ 1/2 (fri • ■ ■ 6*-i)]6fc)6fc+i ■ ■ ■ b, 
1 
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= 2u k (a 1 ---a m )*u k (b 1 ---b n ) . 
By Lemma EM I {h) 

is a positive form. 

Now we claim that Fj k are positive forms for j — k + 1, • • • , ko — 1. Indeed, define 

Ujk(h ■■■b n ) = e ik+u ... tij <g> (Jij ® Id)((vj <g) Id)^,...,^ 

g> (/3 fc ® 7d)[u fc (6i • • • & fc _i)& fc ]&fe+i ■ ■ • 6 i _ 1 ]6 i )6 J - +1 ■■■b n . 

Then similar to the argument for I^ k \ we find Fj k (x, y) = Uj k (a\ ■ ■ ■ a m )*Uj k (bi ■ ■ ■ b n ). By 
Lemma [5. 101 Fj k is a positive form. Hence, we find 

II {k) (x,y) > 2a* m - ■ ■a* k+1 T 2 {a k ,E{a* k _ 1 ■ ■ -a*&i • • • b k - 1 )b k )b k+1 ■■•&„. 

Therefore we deduce the main result 

Proposition 5.12. Let Aj be self-adjoint generators of standard nc-diffusion semigroups 
(T t J ) andY\ > aT^. respectively for j = 1, ..,n with the same constant a > 0. Then the 
free product generator *Aj(ai ■ ■ ■ a n ) = Y2j °i " " ' a j-i j! ^( a j) a j+i ' ' ' a n generates a standard 
nc-diffusion semigroup (T t * J ) twtt 

Example 5.13. The free product of all the examples considered so far satisfies the IV 
criterion. In particular, the free product of matrix algebra *iM n admits a standard nc- 
diffusion semigroup with the r 2 -criterion. 

Example 5.14 (Block length function). Consider the free product of groups Gi, G = 
*i & iGi with block length function. Fix i and denote by A the left regular representation 
of Gi. Define the conditional expectation E : C(Gj) — > CI to be 



E(X(g)) = r(X(g))l 



1, if g = e, 
0, if g ^ e. 



Here e is the identity element of Gi and 1 is the identity element of C(Gj). Example 13.111 
says that T t \(g) = e~ t ^ I ~ E ' X(g) is a standard nc-diffusion semigroup with T 2 > where 



T t \{g) 



Kg), if 9 = e, 
e~'A(#), if g ^ e. 



Since £(G) = *i £ iC(Gi), using Proposition 15 .121 and the relation X(g± ■ ■ ■ g n ) = X(gi) ■ ■ ■ X(g n ) 
for gi G Gi t , • ■ ■ , g n G G in and i x ^ i 2 ^ • ■ ■ ^ i n , we deduce that (T t 6 ) is a standard nc- 
diffusion semigroup acting on C{G) with T 2 > \Y where 

T^KQi 1 ■ ■ ■ 9 k n )) = e- tn X(g k > ■ ■ ■ g k n % ■ ■ ■ g k " G F, freely reduced. 
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Clearly, the infinitesimal generator of is the block length function. In particular, for 
Gi = Z we find a standard nc-diflusion semigroup acting on C(¥ n ) which is different from 
the one considered in Section |4~T1 In fact, our result applies even for free product of groups 
with amalgamation in general. 



6. The classical diffusion processes 



We consider classical diffusion semigroups in this section. As explained in Remark 



13.91 we have stronger results in the this setting thanks to the better constant in the 
commutative BDG inequality. 

6.1. Ornstein-Uhlenbeck process in M. d . Let us start with Ornstein-Uhlenbeck process 
whose infinitesimal generator is —A = A — x ■ V in M. d . We refer the readers to e.g. [34] 
for the facts we state in this subsection. Let T t = e~ tA be the semigroup generated by A 
and 7 denote the canonical Gaussian measure on ~§L d with density (2ir)~ d ^ 2 e~^ I 2 . It is 
well-known that 7 is an invariant measure of T t and 



T t f(x)= [ f^x + il-e^Y^d^y). 



Let A = C%°(M. d ), the compactly supported smooth functions. Clearly A is weakly dense 
in J\f = L oc (M. d , 7) and T t is self-adjoint with respect to 7. Clearly A is dense in Dom(A 1 / 2 ) 
in the graph norm. Note that T(f, f) = | V/| 2 and that for / e Dom(A 1 / 2 ) 

lire/,/)!]! = (^ 1/2 />^ 1/2 /}l 2 (ir<*,7) ■ 

Therefore (T t ) is a standard nc-diffusion semigroup satisfying the assumptions in Lemma 
13.61 It is easy to check that 

T 2 (/, /) = |V/| 2 + || Hess/||^ > r(/, /), / G C™(R d ). 

Here Hess / denotes the Hessian of / and || • \\hs denotes the Hilbert-Schmidt norm. Note 
that Af = only if / is a constant. Thus the fixed point algebra is trivial. Theorem 13.41 
with a = 1 and Remark 13.91 immediately lead to the following result. 

Corollary 6.1. Let 2 < p < 00. Then there exist a constant C such that for all real 
valued functions f G W 1 ' p (W i ,'y) 



(6.1) f - j /*, ^ < c^rnvm^ 

where W 1,p (R d , 7) denotes the Sobolev space consisting of all L p (IR d , 7) functions with first 
order weak derivatives also in L p (M d ,7). 
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This result can be generalized to infinite dimension. Let (W,H,/a) be an abstract 
Wiener space and L the Ornstein-Uhlenbeck operator on W. Then it can be checked that 
the gradient form associated with L satisfies 



for F(w) G Cylin(W), the cylindrical functions on W. Based on standard facts from 
Malliavin calculus, similar argument to the M. d case shows that the Ornstein-Uhlenbeck 
semigroup T t is a standard nc-diffusion semigroup satisfying the assumptions in Lemma 
13.61 Moreover, the fixed point algebra Fix is trivial. See [T71EZ] for more details. Hence 
our Poincare type inequality (16. ip holds in this setting. 

6.2. Diffusion processes on Riemannian manifolds. Consider an elliptic differential 
operator —A on a connected smooth manifold M of dimension d with probability measure 
/i on Borel sets which is equivalent to Lebesgue measure. We can write it in a local 
coordinate chart as 



hj 1 

where and b l are smooth functions and (g^) is a nonnegative definite matrix. The 
inverse of (g l i) then defines a Riemannian metric. It can be checked that 



for all f,h& C£°(M). To give an example, we take —A = A + Z where A is the Laplace- 
Beltrami operator on a complete Riemannian manifold and Z is a C 1 -vector filed Zona 
Riemannian manifold M such that 



for some a > 0. By the Bochner identity, this inequality is equivalent to (see e.g. [53] ) 



Take A = C^°(M) and T t = e tA . The following result follows from Remark 13.91 and the 
martingale problem on differential manifolds [20] . 

Corollary 6.2. Assume (I6.2p and the following conditions 



T 2 (F,F) = (VF,VF) + ||V 2 F||^ > T(F, F) 





(6.2) 



Ric(X, X) - (V X Z, X) > a\X\ 2 , X E TM 



T 2 (fJ)>aF(f,f), feC°°(M). 



(1) jT t (f)gdfj, = J fT t (g)dfi (i.e. T t is symmetric); 

(2) |V/| e L 2 {M,n) whenever (A 1 / 2 / , A 1 ' 2 f) < oo. 
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Then for all 2 < p < oo and real valued functions f G W 1,P (M, jj), 

(6-3) \\f - E Fi J\\ Lp{M ^ < CVpHI |V/| II 

where W l,p (M, fi) is the Sobolev space on the Riemannian manifold M. 

Functional inequalities related to diffusion processes on Riemannian manifolds have 
been studied extensively; see [51] for more details on this subject. To give an even more 
concrete example, let v be the normalized volume measure and fi(dx) = e~ v ^v(dx) a 
probability measure for V G C 2 (M). Suppose (\6.2\i holds. It is clear that the semigroup 
T t with generator —A = A — W ■ V fulfills the assumptions of Corollary 16.21 and the fixed 
point algebra is trivial. It follows that 

11/ -J fd{i\\ Lp (M,ri < Cy/p/a\\ |V/| \\l p (m,h) ■ 

This improves X.-D. Li's result [351 Theorem 1.2, Theorem 5.2] for p > 2 which was 
proved by using his sharp estimate of the L p -norm of Riesz transform. Indeed, his Poincare 
inequality has constant p/y/a. 

Remark 6.3. (16. 3 p is true only for scalar- valued functions. If one is interested in some 
noncommutative objects, e.g., matrix- valued functions on manifolds or free product of 
manifolds, one has to apply the noncommutative theory and then the Poincare inequalities 
are in the form of Theorem l3.4[ Of course, the deviation and the transportation inequalities 
still hold in all those situations. 
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